Directions: You must skip one problem: write “skip” prominently on it. Show your work! Answers
without justification will likely result in few points. Your written work also allows me the option of giving
you partial credit in the event of an incorrect final answer (but good reasoning). Indicate clearly your
answer to each problem (e.g., put a box around it). Good luck!

Problem 1: (10 pts) Consider the following tree:

a. (3 pts) Write the list of nodes resulting from the following traversals (order children in increasing
numerical order):

e pre-order: l,&, q’, 5) 3I Ll 7l ¢
e in-order: (2, 2, q’; 3, 9 é, 7, g /
o post-order: 3 % 2,6,7,851

b. (4 pts) At right, draw the expression tree for (3 xz — 7) % (1/(x — 3)). Write the expression in both

e prefix notation

*¥ —¥3x7/1-x3

e postfix notation / |
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c. (3 pts) Draw a tree that has postorder traversal d, a, h, €, i,)b, f, g, cand preorder traversal ¢, i,d, e,a, h,g, b, f.




Problem 2: (10 pts) Consider all possible “Facebooks” that could exist between four distinct individuals.

e (4 pts) How many different friendships are possible? Draw a graph representing the Facebook where
all four are friends with the others. What’s the name of this graph, and why is its name appropriate?
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e (3 pts) How can we use the power set of some set to create all possible Facebooks for these four
individuals? How many different Facebooks are possible?
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e (3 pts) Draw all possible Facebooks that are trees or forests (collections of trees N ignoring distinctions
of individual. In other words, draw all distinctly different trees and forests with € :
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'blem 3: (10 pts) We've done some problems with detecting counterfeit coins (one lighter than the
aers) with a balance scale. There is a difference in how one approaches the problem depending on
vhether the number of coins is even or odd.

a. Describe your first step if the number of coins n is even.
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b. Describe your first step if the number of coins n is odd.
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c. What is the worst case number of weighings if n = 2™, where m is a natural number? Write and
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solve the recurrence relation (it’s easy).
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d. What i§vbfp_h3_.depth of the decision tree if the number of coins is n = 2™ — 17
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Problem 4: (10 pts) ! k

a. (4 pts) All non-planar graphs contain a subgraph isomorphic to one of two graphs: which graphs are
they? Draw them and name them.

b. (6 pts) Prove (quite simply) that

i. the graph below is not planar; and
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ii. if we remove any one vertex from the graph, it IS planar. d,&,'F are q// cheé 5/ ’ y
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Problem 4: (10 pts)

a. (4 pts) All non-planar graphs contain a subgraph isomorphic to one of two graphs: which graphs are
they? Draw them and name them.

b. (6 pts) Prove (quite simply) that

i. the graph below is not planar; and
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ii. if we remove any one vertex from the graph, it IS planar.
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oblem 5: (10 pts) Prove that for any finite set S the power set P(S) is larger in size that S itself. (I
ight suggest a particular mapping and contradiction; induction would also work.)
)/C)F PBL TS SR 77%’# fcf O ff(vf

e et S
PC€\ pag Pt BBHEA o TS game Sipe ag S

IF :WV/% ﬂw ase, We Should [,

<

a/Z/L - 710 Cons Fric F « ore - 7!2 o N W//’/y

of  olimesle in P(%> s eloments, yor S

(/709‘;12/}/ wﬂ/h 50 me é/emcq//é S S UN"Q&JQB.
J\/L’(/ (A)u/LL/

W(, Cans  Sec /Z//l’ Wu? /;//5 */af §//w/l/ _(

iate Sets  eg
S (60| 83 tl, 2§
ng@ 4 73 /Zé'%ﬂié'%%//f

g ’ /T«P‘ 7”

I il abe 4l 4 m///%«f?‘ of Fize K/ - “‘Z
/M

kg ebro [~k fum S b e elomods

Tle pewer 5ot A are #)3 - g@ The set of sinsle
K/WJ% brom 5 /46’/1/ at o m,; WiMyre ﬂl& MP# ?57& ferm s
bimbled i Prs). Ths (5 a combmdietors, WhEh

{ ’7(4”6 G org,,mf aSSYmpt oS 5 éz/‘bé 7Zb\fﬁ /)(5 >
O

A Erer /f\f 5/&{ an <. -

")‘



Problem 6: (10 pts) I'll give you this much of a reminder of the Euclidean algorithm: a = gb + r; then
recurse. When r = 0, b is the greatest common divisor of the original two numbers.

a. (4 pts) Illustrate the Euclidean algorithm for the computation of the greatest common divisor of the
two successive Fibonaccis 21 and 34. What is special about the choice of consecutive Fibonaccis
with respect to this algorithm? [ (1 ) 140
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b. (3 pts) Now cc)fﬁsider the Euclidean algorithm for the computation of the greatest common divisor
of the two non-consecutive Fibonaccis 34 and 13 (with just one “skip” — 21). What do you observe
about the very first remainder?
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c. (3 pts) Prove that this pattern always works with “almost consecutive Fibonaccis”, those with only
one Fibonacci between them: F'(n) and F(n — 2).
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N
Problem 6: (10 pts) I'll give you this much of a reminder of the Euclidean algorithm: a = gb + 7; then
recurse. When r = 0, b is the greatest common divisor of the original two numbers.

a. (4 pts) Illustrate the Euclidean algorithm for the computation of the greatest common divisor of the
two successive Fibonaccis 21 and 34. What is special about the choice of consecutive Fibonaccis _
with respect to this algorithm? Clo e of Contettne Fiihonoealds (JIRT thid M@ W
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of the two non-consecutive Fibonaccis 34 and 13 (with just one “skip” — 21). What do you observe
about the very first remainder? ﬂCd (%q \ (g> N
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c. (3 pts) Prove that this pattern always works with “almost consecutive Fibonaccis”, those with only
one Fibonacci between them: F(n) and F(n — 2).
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