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MAT225 Section Summary: 4.1
Vector Spaces and Subspaces
Summary

QOne of the interesting things about vector spaces is that thev're applicable
in many unusnal ways. We're used to thinking of vectors as arrows, with
magnitude and direction. But we're going to expand the idea of vectors to
functions of real variables, discrete time series, matrices (for goodness sakel),
and other mathematical objects.

The starting point is the list of properties found in section 1.3, p. 32.
Thoee, in addition to two “closure” properties, are the properties described
below:

vector space: A vector space is & nonempty set V' of objects {called
vectors) on which are defined two operations, called eddition” and “multi-
plication by scalars®, and subject to the rules below:

1.

The sum of u and v, denoted u+v, is in V' (V is closed under addition).

. u+ v = v + u (addition is commutative)

2
3. (u+v)+w=nu+(v+w) (addition is associative)
4.
)

There & & zera vector 0 in V such that u + 0 = u (additive identity).

. For each u in V, there is a vecior —u in V such that u+ (—u) = 0

(additive inverses).

10.

The scalar multiple of u by ¢, denoted by en, is in V' (V iz closed nnder
multiplication).

e{u+v) = cu+cv (multiplication is distributive over vector addition).
{c+ d)u = cu+ du {multiplication is distributive over scalar addition).

. e{gu) = (ed)u (multiplication is associative).

lu=mu
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Examples (or not!): p. 223, #1, 7, 8 - ‘h/ Xa+¥v To
-V oy, g o
subspace: A subspace of 8 vector space V is & subset A of V that has -
three properties: wt Vﬂ/

1. The zero vector of V is in .
2. H is closed under vector addition. That is, for each u and v in H, the

eum 14 v isin H.

3. H is closed under multiplication by scalars. That is, for each u in H
and each scalar ¢, the vector e is in H.

The triviel subspace contains only the zero vector, and clearly sabisfies
the three properties above.

Examople: p. 224, #21

Another important example is piven in the following theorem:
Theorem 1: If ¥4,..., ¥, are in & vector space V, then Span{vy,...,v,}
is & subspace of V: the subspace spanned by {v1,..., v}

(Jiven any subspace H of ¥V, s spanning set for H is a set {vy,..., vy}
in H such thet H = Span{vy,..., vy}
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