MAT360 Section Summary: 3.3
Osculating pelynomial interpolation N

1. Summary

We may want to fit more than function walues: we may also hawe
derivative (firat, or even higher} that we want to fit as well. In that case,
we may need 1o require higher degree polynomials that incorporate the
derivative information.

The easiest way to derive the interpolator is by modifying Newton's
form of the interpolating pelynomisal just a little.

2. Definitions
e QOzculating polynomial: Let xy;,..., 2, be n+ 1 distinct pointe

in [a, b], and m; be & non-negative integer associated with ;. Sup-
pose that f € C™(a, §], where m is the mesxdmum of the ;. Then

the osculating polynomial approximating f is the polynomial
P(z) of lesat degree such that

POz = /()

for each ¢ =0,...,nand £ =0,...,m;.

¢ Hermite polynomials: those osculating polynomials for which
m,; = 1 for all ¢ {that i3, we fit the points and the slopes — no
higher derivatives).
3. Properties/Tricks/Hints/Etec.

The trick to computing Hermite polynomials is to “trick” the Newton
interpolating polvnomial into incorporating the true derivative infor-
mation. As vou no doubt recall. the derivative information is contained
in the divided differences:
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where
flzo] = fl=0)

For each derivative in osculating interpolation that we intend to include,
we gmply include redundant point information. Te fit a cubie, for
example, and the two end points with point and derivative information,
we would construet the following table:
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Then the interpolating polynemisl might be, for example,

Bi(z) = flzo)+flzo, Tol{T—To)+£Z0, To, 71] (T—Fo ) +Flz0, To, T1, F1| (2—20 ) (z—21)

Example: #9 asks us to verify that this polynomial mests the require-
ments of the osculating cubie....
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The moet important case we'll consider is one of osculating eplines,
generally cubic splines, that fit peirs of points and the derivatives st
those points. Fitting two things on two ends gives four constraints,
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and that leads to & complete determination of the four parameters of

a cubic.

Exarople; 1a:

IERNG fl)
A0 IT.O6492 1 3.116256
5.6 ;E 1850510 | 8.151762

The error information is inchided in the usnal way for Hermite inter-
polation: it is estimated using the same formmla s in theorem 3.3:

(2n+2)(efp
%TEH”H ~ Zo) o (T — Tn)

flz) = Plz) +

Example: #2a, and bound the error for the interval [8.3,8.6].

To incorporate wy; derivatives at a certain point z;, one makeg rm; entries
for z; in the table, and works the derivative information up the divided
difference table. Simple!

Example: include the following second derivative information inte the
previous function:



z | fl=@) flz) £ ()

8.3 §| 17.56492 ] 3.116256 | 0.1204819

8.6 1 1850015 | 3.151762 | 0.1162791
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