MAT360 Section Summary: 4.2
Richardson’s Extrapolation

1. Summary

Thig is variation of the process we used for the creaticn of {he three- and
five-point methods for differentiation, which we created from Taylor
series and points with fixed step sizes.

We're looking at methods that have formulas of the form

N{R =M + K h+ Kb + Bgh® F K0 1.

and we want to use several “attacks”, with vericus stepsizes, to elim-
inate the terms of lower arder in A. These methods and the solutions
to this problern are all best expressed in the language of linear algebra:
the only change is in the coeflicients. You'll see that in Richardson's
extrapolation, we don’t rely on evenly spaced points, but rather on
pointe that are petting smaller by powers of 2. No hig deal!

lt’s important to realize that we can use the same procedure with any
group of points: consider one of the distances ag “t", and all other
distances can be expressed in A-units. Then we build our linear algebra
tables, end away we go.

2. Properties/Tricks/Hints/Etc.

Let's start with an easy one, which works out to be equally spaced
points, as well. Use the forward difference approximation to the deriva-
tive and steps of % and h/2 to get a better approxdmation.

h? " B .
flzo + k) = flzo) + hf'(z0) + ?f {xa) + E (E{zo))

'P (x., « ’ZJ = fle,) + %.'Fr(r; ¥ J-;L-:_ 'F "f‘:} + Z:_k}.} £ ‘V(f-.})

fhy e P e

y - — 1\. 1 L\L naf
f = — —— d . o
£t) % ;“F {v) oy £7(%)

iN(%) - N[ = L% + O

Rl o oy P
Bl aefe |



Question: what does this work out to? Does this look familiar?

Now how do we generalize this for more pointe? Coneider eliminating
up to (but not including) fourth order in h, O(k*):

[ coefficient M kih kph®  kah® ]
h 1 1 1 1
/2 1 1/2 1/4 1/8

b4 1 1/4 1/16 1/64

h/8 1 1/8 1/64 1/512

We could simply provide this to a linear algebra solver, and ask it for
the eoeffidienta of the four methoda that produces

coeficient M kit kzh® hkah®
1 0 0 @

We hawe four equatione in the four unknown weights of the four meth-
ods. One way of solving would be to use the strategy of the extrapola-
tion table {e.g. Table 4.5, p. 181): each successive method eliminates
one additional power of .
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