MAT360 Section Summary: 5.1
Elementary Theory of Initial-Value Problems

1. Summary

First of all we need to say a little about what differential equations and
initial-value problemes are, and the conditions under which they have
nnigue solutions.

Then we need to realize that, becanse we're solving these problems
numerically, we're not going to be solving the initial-value problem,
but rather one close to that given.

ln this secticn we get & brief view of conditions under which a “per-

turbed” [slightly disturbed) problem will give reasonable information
about the resl problem.

2. Definitions

¢ differential equation: an equation linking a function y and its
derivatives and independent varinbles.

& initial-value problem: with time as the independent variable, &
differential equation as well a3 enough initial conditions to uniquely
determine the solution.

¢ well-posed initial-value problem: the initial-value problem
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ip well-posed if

(a) A unique solution ¥(t) exists, and

(b} For any ¢ > Q there exists a positive constant k{c) such that
whenever |g| < ¢ and §(¢) is contimmous with |§(2)| < ¢ on
[&, B], & unique solution z(t) to
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exists with
|z(t) — y(t)| < kie)e, foralla<i<h
The problem (2) is called a perturbed problem associated
with the preblem (1).
» Lipschitz conditiom: A function f(tf,y) satisfies a Lipechitz
condition in ¥ on a set D  R? if a constant L > 0 exists with
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. AE.B’LDCR“lBandtohecunvexlfwhenemr[tl, 1) and (o, )
belong to I and Aie in [0, 1], the point ({1 — AJ# + Az, (1— M)t +
,ﬂ) alzo belongs to D

3. Theorems/Formulas @ @ﬁ.

Theorem 5.4: Suppose that D = {{f,y)lc € 2 € b, —o00 <y < xa}
and that f(t,y) is cantinuous on D. If f satisfies & Lipschitz condition
on 3 in the variable g, then the initial value problem (1) has & unigue
solution y(f) for ¢ < ¢ < b.

Theorem 5.3: If f(t,%) is defined on a convex set O C R If o
conetant I, > (] exastes with

af
}}E{h )

< L forall (t,¥) € D, 4ze

then f satisfies a Lipachitz condition in i on ) with Lipschitz constant
L.

Theorem 5.6: Suppose that D = {{,y)le £t < b, —o0 < y < o0}

and that f{t,y) is continuous on D. 1If f satisfies & Lipachitz condition
in ¢ oo J, then the initial value problem (1) is well-posed.

4. Properties/Tricks/Hints/Etc.

So the up-shot is that cur initial-value problem satisfiea & Lipechitz
condition, we're in good shape: we're going to be able to get an ap-
proximation numerically.
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