MAT360 Section Summary: 5.2 (part 1I)

1. Euler’'s Method Error

So, using Tavior, we have that

B
ylties) = y(t) + hf (ki p(0)) + 5 4(€)

Euler simply dropped the error term, to generate the succession of
iterates

Wy =0

wit1 = wi + hf(k,ug) fori=0,... . N

This is & difference equation associated with the given differential
equation. lte solution, we hope, will be relatively close to the solution
of the 1VP. Hope aside, how bad can things get? What’s the worst that

can bappen? The answer is in the following thecrem:

Theorem 5.9 (error hound): Suppose f is continuous and satisfies a
Lipschitz condition with constant L on

D={(t,p)le<i<h—oo<y<oa}
and that a constant M exists with
l#"(t)] < M, ¥iE|[a,b]
Let (f) denote the unique solution to the IVP
¥ =Fflt,y@), e<t<d yla=c, (1)
and {#;} be the Euler approximations. Then, for each § =0,..., N,

AM 1 pow
|gpl(ts) — wrg| < 2L [E — 1] .

Proof Let i = y{t;). Then
';ﬂ A
ors — Wi = y{t) — s+ AS (s 3e) — B () + 50(6)
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i =10,...,N. Therefore L

ST

h* h*
isr—wi | < |yt —wi|+h| flt;, y;]uif[t,-, 'tu,-]|-’r-f—};11 < |y{t,-]--u.',-|-’th|y,-uu.‘,-E-~I--jjﬁl.-f

since f satisfies a Lipschitz condition in y. Hence

i 2
[t = Wit < (L4 ALYy — 3] + T M

This is related to a linear recurrence relation that will bound the error
for e; = |y — wil:

W
Wit = Wipr ] = (14 ALYy = wyl + a;juﬁ-f

if you've had MAT385, then you know that we can solve these (puess
and check, induction);

gipi=as;+b with s =0

has solution

n—1 ; ' — |
3ﬂ=b£a —hu_ l
Therefors, /
_ 1:1'1,-:1!2 (l 1’ hf.l]n - - .:'1-:;}?- [Eﬂ'hL . ﬂ' /

=3 L =L

or MAE2 (1 -+ hL)* —1 |}

— MA (L4 hL) =1 Ml o
=3 aL S[ap -] @

Thie form shows that the error incurred
h: for 8 piven T = {5, €, i8 linear in .

. Properties/Tricks/Hints/Etc.

One problem with the error bound (2) is that, we need to have & bound
on i*, and we're looking for 3! This i8 quite & contrast to the situation



when we were dealing with a known y and trving to bound higher
derivatives. The chain rule may come to our rescoe:

7(0) = 5 0/0) = 5 (e = Ftwn + St 1)

Or it may not!:) The problem is that you will more then likely still
have a term with ¥ in it, which is unknown....

Qne obvious strategy for improving our Euler approximations is to
make A tremendously small. This may backfire, however, due to round-
off error: if we examine the perturbed difference equation

o =+ 8g
i = +Rf({Gw)+ & fori=0,... N

we arrive at

Theorem 5.10: Let g(t) denote the nnique solntion to the [VP (1),
and {7;} the solution of the perturbed difference equation above. Then

1 /hM 4
_ - o {h—a)l (£y—e)L
|t — ue| = 7 ( 3 +h) [e 1] + |da| et
where 8; < & for all . The minimal error E(h) = % + % ocenrs when
[28
h= 1|l‘ll aﬁ .



