Number Theory Section Summary: 11.1
Pythagorean Triples

1. Summary

Here come those Pythagoreans again] The special right triangles re-
lated to Pythagorean triples had been studied and used by the Baby-
lonians and the Egyptians long before Pythagoras, but those are the

vagaries of history....

Pythagorag did find a formula for an infinite mumber of thege, so there's
sormne justification for the name.

2. Definitions

Pythagorean triple: a set of three integems &, y, z such that z% 432 =
z2. The triple is said to be primitive if ged{z, ¥, z) = 1.

Table 1: Examples of Pythagorean triples. Which are primitive?

Pythagorean triangle: s right triangle whose sides are of integral
length.

Pythagorean theorem: a famous theorem about right triangles (not
necessarily Pythapgorean triengles), infamonsly misstated by the scare-
crow in the Wizard of Oz.
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3. Theorems

Lermrma 1: If 5, y, z is a primitive Pythagorean triple, then one of the
integers « or y is even, while the other is odd.

Lemma 2: If ab = c*, where ged{(a, b) = 1, then g and b are n* powers.
That is, there exist positive integers &) and & for which ¢ = &7 and
b= &5

Theorem 11.1: All solutions of the Pythagorean equation
Py yf =
satisfying the conditions
ged(my,z)=1 20 xy,2>0
are given by the formulas

r=0 y=s2—1*7 2z2=45 1.

For integers 5 > £ > 0 such thet ged(s, 1) = 1 and 3 =t(mod 2).

4. Properties/Tricks/Hints/Ete.

The radins of the inseribed circle of a Pythagorean triangle is always
an integer (Thecrem 11.2).
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