Tashing.

Number Theory Section Summary: 2.2
The Greatest Common Divisor

“Of special interest ie the cage in which the remainder in the Division Algo-
rithm turne out to be zero.” (p. 20)

1. Definitions

Divisible: An integer & is said to be divigible by an integer a # 0,
written a|b, if there exists some integer ¢ such that & = ac.

common divigor: An integer d is said to be a common divigor of a
and & if both d|e and d|5.

greatest common divisor: Let ¢ and & be given integers, with at
least one of thern non-zero. The greatest cornmon divisor of e and
b, denoted gedia, &), is the positive integer o satisfying the following:
(a) d|a and d|&
(b) U c|le and ¢|b, then ¢ < d,

relatively prime: Two integers a and b, not both zero, are said to be
relatively prime whenever ged(a, b) = 1.

2. Theorems

Theorem 2.2. For integers a, b, ¢, the following hold:

(a) al0, 1|a, c|a

(b) el if and only if & = +1

(¢) If a]b and c|d, then acl|bd.

(d) I g|b and ble, then ale.

{e) a|b and da if and only if 6 = Lb
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(f) If a|b and & # 0, then |a| < |4
{g) If a|b and a|c, then a|(bz + cy) for arhitrary integers z and .

Theorem 2.3: Given integers 4 and &, not both zero, there exists
integers x and y such that }J,\:j:ﬂ’" b
gedleb)=aztby o, b ’

L

Corollary: If @ and & are given integers, not both zero, then the set

T = {az + bylz, 7 are integers}
is precisely the set of sll multiples of d = ged(a, b).
Theorem 2.4: Let a and » be integers, not both zero. Then a and &

are relatively prime if and only if there exist integers 2 and 4 such that,

1l =az + .
& df-ui-h?

Corollary 1: If ged(a, &) = o, then pedia/d,b/d) =1. | =(‘:.')'I‘i(i]7

Corollary 2: If a|c and ble, with ged(s, b) = 1, then able.

Theorem 2.5 {Euclid™ lernma): If a|be, with ged{e,b) = 1, then
Glﬂ.

Theorem 2.8: Let ¢ and & be integera. not both zero. For a positive
integer d, d = ged(a, b) if and only if

(a) d|a and d|b, and
(b) Whenever c|a end e|b, then ¢|d.

. Properties/ Tricks/Hints/Etc.

Whenever we write q|b, we assume that & # 0.
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4. Summary

Divisibility is where it’s at, and we get our share of it in this section.
It's a lot of “theorem-proof”, but that's good practice! Try to enjoy
looking, over the proofs, and get into the swing of them.

In the next section, we'll see how to find the god quickly (using the
Fuclidean Algorithm).

#c {&1 % M}



Lﬂ 4o~ ) Se -25
eall ‘a a_ LB)
- 2_-.}-»“ 2})! b

3’\‘“’ A ';\5 . Se }77
Thsree 200 6)

g\ ‘3114»'-)-.-1 o g lew)s ;\/
QED - ~

(g.c, I+ <« is ﬂcla(; T 26
32\ (&1*‘3){1&1#?)

o odd =D a = Lkl g—keé
() (o2 = [ (vey*e)((Ve)t+3)

+ (detsdie «1) (db% 4k +9)
= 4k ) (lebrk+2)
- L‘-'L_ 9 (M"-lk-rl)(t"&k.#l)

B i

Z
- 31 ‘-tu"#ka-[

it

A aglac 6 Z



/)} ' sclo{ SSe~t Can Le sl Fen
~{ ')71‘4-!.) ga(qtﬂfl*l)
{a.,z-r'l) [a..-l-{-}) z (314- "f)(y‘t"'g>
=32 (24+)(q+ 1) e
b nlnea(nend ) = ot
(V\?J-n-)(mtd-f:\*‘) -+ | <= fi

T

)"l‘f"'('ﬂg*' \nF+ a1 =L
-
(ﬂ‘f"’ in .&f‘) —_— 40

e, THF a = b ame std |, T2~
¥\ at-b?

-

§’-:c.-y a b o adan g—(u;v)e.z;zi-
§rel. Frat
o= FTar |
Lt=9v+1
Prnce b %o @hq_,)_,(?u*f-f)
= 9(u-v)



el g] LTobE

]

|319 Q(x,ﬂ / ‘1%4-47 = gcel [«,4) .
Claim? gl lxy) = |

z,{-+ d_,: jﬁ.#{(ﬂ_,h)‘
3\7 cortendi Py v
‘7\-"(3()01-:‘- 3&[":;)')3& > ! .

’}—24#"\- {l.‘ % g,,...'( E\'? , S#

}(w,v)ﬂ- <2 / T K el evEYy

59 A = a.y..,p..bv = Qew + Dev
= c(mm*ﬁ’ﬂf)

Se c| &,
I"Lfnu_. a-x.u~.+,‘>v= %-" “._-p{

.
Pt iy oy smallest sk lecer

CaﬁnJﬂ—u.J;b'H P LW\M__

J
3:..0(..(.‘:-‘.. y‘) = [



,-..A.Q‘*Ml} 3

0‘-1&. ad Al b $ o

2

3[%,*-!)925‘? / A=

Av = b
A"\?‘-l—atu"\; = d ."_":‘7

w-yr.:l-wfj = |
X l-7 et hunte r*w!n\'l\wl\; 6):*"*-\-—(

!)7 T 2 0ot 2.4,
g (L (%,5) = |

RE. ikl goiinn (W (%4 o)
The fote ALk 2 Fritn AlaF)

(i bt ctmihedd odinetly (o pitoe 2§
M)/ o mdinetly e m?zj/@,
29 The Lok Sudyy witl T



