Number Thecory Section Summary: 2.3
The Euclidean Algerithm

1. Definitions

least common multiple: The least common multiple of two non-
zero integers @ and &, denoted lem(e, &), is the positive integer m satis-
fying the following:

(a) a|m and blm;

(b) I a|c and b|c, with ¢ > 0, then m < ¢.

2. T heorems

Lernmoa: If @ = gb+ r, then ged{a, b) = ged(b, 1)

Euclidean Algorithr:

gedla, b) = ged(b, 1) = ged(ri,m2) = ... = ged(r,, 0) =1,
god(8,5) = 7. §13-= q 9 4r
Erample: (Like #1/2, p. 31) Consider 309 and 897 ¥57 S 2-%0%+219
» lmplement the Euclideen Algorithm using the T1-92 calculator / "-'/
» Find the ged 309 = 9234+

» Write the ged ae a linear combinetion of 309 and &97.

’(/

Theorem 2.7 if 5 > 0, then ged(&e, kb) = kged(a, b).
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Corollary: if k& # 0, then ged(ka, kb)) = |k|ged(a, b).

Theorem 2.8: For positive integers @ and & o - ;_J/:; i/:
gedia, b)lcmia, b) = ab 20 < 3543
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Frample: Like #1, p. 31: 309 and 897

Corollary: For positive integers ¢ and b
lemia,b) = ab < geda,b) =1

3. Properties/Tricks/Hints/Etc.

“Gabriel Lamé {1795-1870) proved that the number of steps required
in the Euclidean Algorithm s at most five times the number of digits
in the smaller integer.”

An improvement to the Euclidean Algorithm is achieved if, instead of
choosing to work with @ = gb+ r with 0 < v < b, we work with
a = ¢h+r with |r| < 5/2.

4. Summary

The Euclidean Algorithm gives us & tool for calculating the ged of two
integers. One variation of the algorithm (using “centered remainders”
from an sltzrnative vergion of the division algorithm — see problem 7,
p. 20) provides & faster algorithm.

The algorithm works by replacing & palr of integers requiring & ged by
g pair of emsller integers, constrained by the fact that the smellest is
greater than zero,

The least comrmon multiple (lem) of two integers is the first positive
number appearing in both their multiplication tables, but ean bhe found
nsing the ged: if they’re positive and relatively prime, then the lem is
their product; but if not, then the product divided by the ged gives us
the lem.

This mekes good sense: the ged is the “repetitious” part of the integers.
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L1)= a-2b
36 = b — (a-24)] = -a+35b
9 = a-2b - (-a¢3b).q = (04 -29
3= -ar3b - ((6a-29b) 3
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