Number Theory Section Summary: 6.1
Number-Theoretic Functions

1. Summary

We encounter two interesting number-theoretic functions, T and &, and
discover an interesting relationship between these and the prime fac-

torization of a nnmber.

The concept of a multiplicative function is also introduced, which will
prove useful (now and later on).

2. Definitions

Number-theoretic function: any function whose domain is the set
of poeitive integers

Definition 6.1: Given a positive integer #, let 7{n) denote the number
of positive divisors of n, and o(n) denote the sum of those divisors.

The notation
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Problem: Evaluate 7{24) and o{24d). .
T(=Y  sp)s GO bRl
Problemn: Evaluate 7(240) and o{240).
Tlr0) = 70 ql24e)z FHY
Problern: What are v(p) and o(p) when p is prime?
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Problemn: #15, p. 110

1. 4 ¥
Problem: How do +(4)r{6) and r(24) compare?

Definition 6.2: A mmmber-theoretic fanetion is said o he mmltiplica-

tive if
fmn) = f(m)f(n)
whenever ged({m,n) =1
Led Pl =~ - T
| Llny = mon = A0 07

Examples: f(n) = 1, f(n) =n
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By induction,

Flang---m) = f(na) fng) - - - fne)

whenever the n; are pairwise relatively prime. Hence, a multiplicative
function is completely determined for n once its values on the prime
powers of the factorization of » are known:

Forel ) = fE) P 0F) - 1 (0)

Exemple: #17, p. 110 (Lo deed L) 2 n% s iliplichiey,
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. Theorems

= L)
Theorem 6.1 If n = pi'p5? - - -p¥ is the prime factorization of n > 1,
then the positive divisore of nn are precisely those integers of the form
d=g7'pp"---pr, where0 € g < k; for ¢ in {1,...,7r}.

Theorem 6.2 If n = p’i‘lp;’“ -+ -p¥ ig the prime factorization of 5 > 1,
then
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- Z-l Il =1
Fhe prool of the first is a counting argument, and the second uses a

= 3l-4 6

sum of a geometric series and a neat decomposition.
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The notation . = 34 ‘-f
I 7
i=1

means “multiply the values of f as ¢ runs over from 1 to r". Given
that, then

»

r(n) = ] (4 +1)
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Let’s check for n = 240,
Theorem 6.3 The functions + and ¢ are multiplicative functions.
Lernrma If ged(sz, ) = 1, then the set of positive divisors of mn con-
pists of all products ¢,d, where & |m, dy|r, and ged(d,, ds} = 1; fur-
thermore these products are all distinet.
Theoremn 6.4 If f is a multiplicative function and F is defined by
F(n)=3_ f(d)
n

then ¥ is slso multiplicative.

Corollary: the functions = and ¢ are multiplicative functions.



