Section 7.1: Boolean Algebra
Structure

March 28, 2005

Abstract

Firat of all, note that we're only reading 7.1 through p. 488 {up
t0 Isomorphic Boolern Algebras).

A Boolean algebre (named after George Boole) is a generalization and
an abstraction of the propositionel logic we atudied early this tarm, as
well ea the set theory which we glanced et. We are really interested in
using it to imderatand the basie elements of camputer Iogic, however,
which is baged on a binery {0,1) slphabet. In this first section we are
merely introduced to the fandamentsl conceptes of Boolean Algehra.

1 Definition and Terminology

Definition: a Boolean Algebra is 8 set B on which are defined two binary
operations + and -, and one unary operstion *, and in which there are two
distinct elemente 0 and 1 such that the following properties heold for all
x4,z € B:

le.z4+y=y+=zx lbhz-y=y-x comrnutative property
2o. (z+y)tz=z+(y+2) 2 (z-9) 2=z (y 2) associative properiy
.zt {y-2)=(e+y)-{z+2) b z-(y+2)=(x-y)+(z-2) distributive property
da.z4+0==x Kbz -l==zx identity property
Sa.z+a =1 5. -5 =0 complement property
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The element #* is called the complement of . The algebra may be denoted
[Bi +; ':-f :U1 1]‘

e

Of these properties, certainly the distributive property 3a. may seem the
gtrangest, since it obviously doesn’t hold for the usual suspects + and ..

Notice the beautiful symmetry in this definition: the roles of + and - are
exactly reversed with respect to the special elements ( and 1.

Question: how are these reflected in the properties of proporitional logic
that we studied esrlier this term?

» A comment on functions f: {T, F}" — {T, F'}, and example (implica-

ticn). 'q % —{ ()
i
» The difference between <= and =.... r (1)
R _— T C'TFFIL -3
Er" el 7T
In Example 2, p. 465, the set B = {0, 1} consisting of only CFEl T
(g0 they must be onr distinguished elements), and the binary operations of
+ by = + y = maz{z,y) and that of - by z-y = min{z,y). Complements are
given by 0 = 1 and 1’ = 0. It turns out that this is another example of &
Boolean Algebra. X | ~Set)
¥ = M,
Practice 1, p. 465, b= ~ L0 :’ ‘ 0
i

Curiously enough, £ + « = « in & Boolean Algebra {this is the idempotent
property. You'll"wanf fo retnember that one, for any proofs!) And since
z+z = z, we must have 12 = z by the heautiful gymmetry of the operations. © Kz /
Thiz ides, known as duality, means that we only have to do half the work
most; of the time.... You may have bumped into this concept, in linear algebra:

for example, projection matrices are idempotent, such as
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This matrix projects onto the first, third, and fourth dimensions; and pro-
jecting onto those dimensions a second time doesn’t cheange anything (ie.,
A-A=A).

Practice 2, p. 467.

Given an element z of the set B of a Boolean Alpebra, the complement 2 is
the unique element of B with the pro that

q property oy :x+(~,;+,r_‘) c.
g+¥=1land -7 =0

/ =(rrx)tx escae
Practice 3, p. 467, X+l = ) R T AT
_ L=
Xl = p A\ = | §a

Hints for proving Boclean Algebrs Equalities (p. 467):

# Usually the hest approsach is to start with the more complicated ex-
pression and try to show that it reduces to the simpler expression.

Think of adding eome form of 0 (like £-2) or multiplying by some form
of 1 (like = 4 z').

Don't forget property 3a, the distributive property of addition over
multiplication, just hecanse it seems weird!

» Remember the idempotent properties: x4+ x=zxand z-z =m.

It may help to frame the argument in terms of either set theory or
propoaitional logie, to give you & framework for understanding the
thrust.

Bxercize 8, p. 470

Exercise 1la, p. 476
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