|E 307 HANDOUT 3: BOOLEAN ALGEBRA

3-way light switch: /@\
g 0
L

- want either switch to be able to turn light ON/OFF independent of paosition o

other switch
X = 1, light ON , A= 1, switch UP B= 1, UP
0, OFF 0, switch DOWN 0, DOWN

- assumewhenfirstinstaled X =0,A=0,andB=0

- want: A=0andB=0 0 X=0) A B|X
A=0-1andB=00 X=1 0o 0|0 |
A=landB=0-10 X=0 y, 00 1|1 >Dcircuit@
A=1-0andB=10 X=1 1 o 1
A=0andB=1-.00 X=0 | 1 1| 0 |

- used doulbe pole switches to redi ze@) . X=AB+A+B
- @ termed exclusive-OR (XOR) since A or B = 1 bu not both
@ termed inclusive-OR (or just OR) sinceA or B or bath=1

Seat-belt buzzer:

G

n.o. n.o.
— Ignition(l)  Seda-belt (S) Q Buzzer (B)

= 1,ignition ON, S= | 1,fastened B=| 1,sound
0, OFF 0, urfastened 0, quet
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n.c. switch

B

0

0| O circtit(2) O B=I1sS O sea-belt neadsto be
L >

0

- physicdly, Sbest asn.o, bu want it to ben.c. in control circuit

0 can userelay:

I relay contact
o/ A o\yv
n.o. n.c.
1
T S L1 rda O B
o/ A —1 " Y
n.o. coil

- both B andrelay coil areloads

- when S aduated, current flows through relay coil, which becomes a magnet that

aduates relay contact

* Relays:

- upto naw, dl inpus have been mechanical switches that directly made or broke

the drcuit controlli ng the load

- relayscan be used to indirectly control higher power circuit:

n.o

o

:D 120V AC

i

n.o.

_— 12vDC

A
load —L— ground
I:I PR—
/ - ~ _/
] high-power circuit
\
load

low-power control circuit




- relayscan be normally open (n.o.) or normally closed (n.c.)
- useof relays eliminates need for complex multi ple pole switches and wiring

* Logic Gates. (see handou)
- in sea-belt control circuit, relay used to convert n.o. mechanical switch to n.c.
switch
0 performing Logicd NOT [ invertingsignal [ inverter
- NOT gate:

(inverter)
/

o NON O A *DO* X=

NOT gate symbal

;

- NOR gate: when two (or more) inpus conreded in paralel to single relay of
NOT gate, get NOR gate

NOR gate symbol

:./‘/ ;m/; O :ﬂ X=A+B

- ifn.o.relay contad usedinNOR gate [1 ORgate = A
T e
B
- but, urike OR gate, NOR gate (and NAND gate) are universal gates
[0 any Bodean logic drcuit can beredized using just NOR gates (or just NAND
gates)



- NOT gateviaNOR gate:

- AND gateviaNOR gates. not immediately obvious how to construct

0 use Theorems of Booean Algebra

Theorems of Bodean Algebra (seehandout)

- used to manipulate Boolean expressons

- developed by George Bodlein 185G (Laws of Thought)

- in 1938, Claude Shannon saw one-to-one rrespordence between Boodean
expressons and switching circuits
[0 Bodea agebra can be used to simplify logic control circuits

- AND gateviaNOR gates + Boolean algebra:
Want: X =A-B

=AB (by Negation Th.)
LetA’=AandB =B

=A'+B" (by DeMorgan2 [1 left side of DeMorgan 2isNOR)




- Theoremsaso give NOT and OR gates viaNOR gates:

NOT: X =A OR: X=A+B
=A+1 (byCha.2) -A+B (by Neg.)
=A+0 (1=0& 0=1) =A+B (by DeMorgan 1)
=A+0 (by DeMorgan 2 =A*B- (by Char. 2)

1
«B-0 (1=0)
B+0 (by DeMorgan 2)
= m (by DeMorgan 2)

Transistor Logic:

- Why are 3 NOR gates used instead of 1 AND gate?

- NOR gate eay to make using transistor

- transistors used instead of relays in al control applications except to switch high

power circuits

Colleaor
Ae— N\ n
n
n.c. relay n-p-n transistor semiconductor

- for control system design, can think in terms of relays



Multi-input gates: logic gates can have more than two inpus

A X=A+B+... 0 canal beredized using multi-inpu
BE NOR or NAND gates

I nput negation:
B _DO j ) -~ B9 - X=A+B

Nesting: when ouput from gate used as inpu to next, equivalent to parenthesis in
Bodlean expresson (AND higher precedencethan OR)

Logicgatenetwork [0 Boodean expresson:

A AND
B

OR -~ X=(A*B+C)+C
C j OR X

i
A

OR AND ~ X=[(A*B)+B+(B+C)]*D
B¢ i)i X =(A*B+B+B+C)*D
|
D




Theoremsand L aws of Boolean Algebra

CHARACTERISTIC THEOREMS
1.X«0=0
2.Xe1=X
3.X+0=X
4.X+1=1

COMMUTATIVE LAW
1.X+Y=Y+X
2.XeY =YX

ASSOCIATIVE LAW

1X+Y+Z=X+(Y +2)
=(X+Y)+Z

2.XeYeZ=Xs(Y*2)
=(X+Y)*Z

DISTRIBUTIVE LAW
1.XsY +XeZ=X(Y +2)
2. (X +Y)W+2)=XW +XZ+YW+YZ

IDEMPOTENT THEOREMS
1.Xe X=X
2.X+X=X

NEGATION THEOREM
(X) =X

INCLUSION THEOREMS
1.X+X=0
2.X+X=1

ABSORPTIVE LAWS
1.X + XY =X
2.X(X +Y)=X

REFLECTIVE THEOREMS
1.X+XY =X +Y

2. X(X +Y)=XY

3.XY +XYZ=XY +YZ

CONSISTENCY THEOREM
1.XY + XY =X
2.(X+Y)(X +Y)=X

DEMORGAN’'SLAWS
1.XY =X +Y
2.X+Y =XY




Logic:

Bodea:

NAND
10 11 12 13 14 15

NOT

XOR OR NOR XNOR NOT

AND

Name:

9

8

|0JJU0D OuU

8.V 'g+v

g+v
v

g+v
a

deV + gV

gdev

1IN24I10 1OyS




DIGITAL LOGIC GATESAND ASSOCIATED LOGICAL OPERATIONS FOR
BINARY VAR IABLES

Name Symbol L ogical operation Truth table
AND A— Z=A+*B A B|Z
B — z 0O 0|0
0O 1|0
1 0|0
1 1|1
OR A Z=A+B A B|Z
B z 0O 0|0
0O 1|1
1 0|1
1 1|1
NOT A —Do‘ z  zZ=A Al Z
01
110
NAND A — Z=A+*B A B|Z
B — z 0 0|1
0O 1|1
1 0|1
1 1|0
NOR A Z=(A+B) A B|Z
B z 0 0|1
0O 1|0
1 0|0
1 1|0
XOR A Z=A0B A B|Z
B z 0O 0|0
0O 1|1
1 0|1
1 1|0
XNOR A Z=A®B A B|Z
B z 0 0|1
0O 1|0
1 0|0
1 11




Simplifying Boodean expresson « reducing number of logic gates
X=(A«B+C)+C A —]

NAND>:
=(A+B+C)+C (byDeMorgan2) »0 B ~ 1 1@7
=A*B+C (by Refledive 1) C X

(¢ from 3to 2gates)

X=(A+B+B+B+C)*D A
_ Y~ _
=(A*B+B+C)* D (byldempatent?2)[1B
=(A+B+C)*D (by Refledivel) | C—92 AND
D 9 X

(4 from4to 2)

Canonical Sum-of-Products Form
- Usedtoredize ay logic control circuit from itstruth table
1. For each circuit, construct its truth table to relate dl possble inpus to desired ouput of

circuit:

Row| A B X

0 O 0 O

1 0O 11 desired ouput
2 1 0 1

3 1 1 1

2. For each row where X =1, AND together inpus, where 0 inputs are NOTed

row O: Xzl
row 1: A —O[AND\ A+B
B —
row 2: A — A+B L— N OR) X

AND
s 2

row 3: A—AND A-B

B




3. OR together AND gates from step 2
X=A+B+A*B+A+B

4. Use Theorems of Bodean Algebrato simplify if possble

=A*B+A+ (B+B) (by Distrib. 1)
=A*B+A« (1) (by Inclusion 2
—A*B+A (by Char. 2)
=B+A (by Refled. 1)
=A+B 0O OR (by Commuit. 1)

- termed “ Sum-of-Products’” since OR-ing together (summing) AND-ed inpus (products)

-  Example XOR
A B| X
0 0|0 )
0 1|1 0 X=Ae+B+A+B, cartsmplify
1 0 1 (
1 1|0

-  Example: Sed belt and Door-Open Buzzer
= 1,ignition ON : S=| 1,sed bdt fastened
0, OFF 0, urfastened

D:{ 1, doa closed , B:{ 1, sound

0, doa open 0, quet



| S D|B B=l+SeD+l*SeD+l+SeD

00 0|0 ) =1+ (SD+SD+SD) (byDistrib. 1)
0 0 1| 0 quiet when =]+ (S+SD) (by Consist. 1)
0 1 0]|o0 1=0 =1+ (S+D) (by Refled. 1)
0 1 0

1 001 | B

1 0 1|1 S }

1 1 0|1 Dﬂ

1 1 1|0

- Example: Automatic Door and Lock
D= 1, dog opening O= 1, doo not shut \D:1N D=0

0, doa closing 0, doa shut @:IIZD open switch (O)
M= 1 ,someoneonmat L= 1, udocked Mat (M) ﬁck (L)
0, no ore on mat 0, locked

Operation: Want doar to open if someone onmat and doa unlocked.

If locked, want it to stay open or shut independent of mat

M L O|D D=MeLeO+MesLeO+MsLeO +MeLeO
Stayshut 7 0 0 0| 0O<start O = (M+M) sL*O + MeL+(0O+0) (by Distrib. 1)
>0 0 1|1 ludock 1  =(1)+LsO+MeLe(D) (by Inclus. 2)
0o 1 0 =LsO+MeL
stayopen|| O 1 O(js closing 5
N1 0 0]o0O » opn 2
>1 0 1|1
1 1 0 j;/y opning 3
1 1 1|14 gt 4




AND

AND



