Number Theory Section Summary: 2.3
The Euclidean Algorithm

1. Definitions

least common multiple: The least cormrnon mmltiple of two non-
zero intepers @ and b, denoted lem({a, §), is the positive integer m satis-
fying the following:

{a) a|m and &|m;

(b) If z|c and ble, with ¢ > O, then m < ¢

2. Theorems

Lermnma: If @ = gb + r, then ged{a, &) = ged(h, r) D<v<b

L{-‘ff‘ i."" jr-p{(njfa).
go &\&—15‘-'1”"); S afiv’“j &0

DQ. 1y e a‘fr\/r"sar‘ o b ~

NE!L-J "}"0 ijol-d ’;’2-&.’]‘" :’}"-; ’fz-nh jr--:.a-l—{l'fr‘l Cnﬁ‘-".:si—r
a ﬂ.n-’:h-f Al visor .peif E - m

Q\%E**"’ Z e . Co o div.deg v,
C was o diviser~ o & a + L; bed Aot 7‘1&
a?ﬂﬁeh':*‘".' \C-‘ﬁ- A . gu L < j._dt_{%r—)j RED.



Euclidean Alporithrn:

ged{a, b) = ped(b, r1) = ged(r,1a) = ... = ped{ra_1,70) = 7u

(i.e. Tw|ru-1, 80 the final remainder is 0). Then ged{a, i) = r,.
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Erampie: (#1/2(a), p. 31) Consider 143 and 227.

» lmplement the Euclidean Algorithm using Mathematica.
¢ Find the ged.

e 3 3 74 < 2031143
43 = |. 94 + 53 59 = 14217y
4 =Y w9 1= 94 - 175
oy = 20 + 9 - 4 = T4-7.¢
7 =19 + 3 = 15-2.9
5 =+ + 2 L 71 F
12 ]| ] = 7-32
2 = 2-}31—0
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43 + 223 v

+ Write the god 28 a linear combination of 143 and 227,
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Theorem 2.7: if & > 0, then ged(ka, k&) = keged(a, b).
Corollary; if k # 0, then ged{ka, kb) = | klged(a, b).
Proof: Let's prove the corollery, without recourse to Theorem 2.7
(which is proved in the procesa):
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Examples: #4a.c, p. 32; #6 P e ngquL]uf
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Theoremn 2.8 For positive integers ¢ and b

gcdia, b)lemia, b) = ab

One thing this theorem does is pive us a method for eslenlating the
lem (pince we can use the Eudidean Algorithm to find the ged):

Frample. #1a, p. 31
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Example: #10s,b, p. 32

Corollary: For positive integers o and &

lemia, &) =ab < ged(e,b) =1

. Properties/Tricks/Hints/Etc.

“(Gabriel Lamé (1795-1870) proved that the number of stepe required
in the Euclidean Algorithm is at most five times the number of digits
in the smaller integer.”

An improvement to the Fuclidean Algorithm is achieved if, instead of
choosing to work with s = gb 4+ v with 0 < v < b, we work with
a =gb+r with |r| < b/2.



4. Summary

The Euclidean Algorithm gives us a tool for caleulating the god of two

integers., One variation of the algorithm (using “centered remainders”
from an alternative version of the division algorithm — see problem 7,
p. 20) provides & faster algorithm.

The algorithm worke by replacing a pair of integers requiring a ged by
a, pair of amaller integers, eonstrained by the fact that the amallest is
greater than zero.

The least common multiple {lem) of two integems is the first positive
number appearing in both their multiplication tables, but can be found
wsing the ged: if they're positive and relatively prime, then the lem is
their product: but if not, then the product divided by the ged gives ne
the lem.

This mekes good sense: the ged is the “repetitious” part of the integers.
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