Question for today: How can two or more matrices relate to one
another?

Eramples:

1. If we have a 3-D model and we want to rotate it five times in
succession, we can use five matrices, one for each rotation. But can we
somehow combine these rotations into a single rotation? What hap-
pens to the matrices when we do this?

2. Suppose we want to analyze different aspects of a single matrix.
Sometimes we can do this by breaking it down into two different ma-
trices that are related to one another via an operation we will discuss

today.

1. NOTATION

Given a matrix A, we have

[ ay; a2 ... Qip ]
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We say that A = B if they are the same size and their corresponding
entries (or columns) are the same. For example, if we have matrices A,

B, and C' given by

1 2
a[12] mefr2] eofi
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then we say that A = B but A # C.
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2. SUMS AND SCALAR MULTIPLES

Suppose that we have two 2 x 3 matrices A and B given by

1 2 3 2 3 4
a=13s) =387
Suppose that we have a vector z and we want to look at Az + Bux.

Instead of multiplying z by two different matrices and then adding the
results, could we find a single matrix C' so that Ax + Bz = Cz?
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Well, instead of adding Az and Bz we can just add A and B to get
C. But what does it mean to add matrices?? How would you define
matrix addition?? What makes the most sense?? Remember, we want
Ax + Bx = Cz. Let’s see how this breaks down...

I
Write x = | x> |. Then we have

(1+2) (2+3) (3+4)
(4+5) (5+6) (6+7)

Ok, so what have we done? We’ve defined what it means to add
matrix A to matrix B. To get A+ B, we simply add the corresponding
entries of A and B together.

So what’s the logical choice for C'7 Welet C' = {



Definition of Matrix Addition:
If A=|a;;| and B = [b;;], we have A+ B = [(a;; + b;;)].

a b e L (ave) (be)
c * 1 3 \, - (C-rg\ (A*L.\

Using this kind of thinking, what happens when we scale a matrix
by a number 7 That is, what is rA?

Definition of Scalar Multiplication:
If A= |a;;| and r is a real number, then rA

Now that we have some definitions, let’s try it out using A and B as
below:

What is A — 287

Properties of Addition and Scalar Multiplication:

Let A, B, and C be m x n matrices and let r, s be any real numbers.
Then we have

A)A+B=B+A (omMaman¥ah

b) (A+B)+C=A+4+(B+C)

c) A+[0]=A



To check these properties all we have to do is compare the corre-
sponding entries in the matrices on either side of the = signs.

3. MATRIX MULTIPLICATION

Here is the fun part! Given an m x n matrix A and a n X p matrix
B, consider the following situation:

(.?Ci g

[s there a single matrix that will take us from z to A(Bxz)? Well, yes,
there is. We call it AB. For examples, consider the following matrices:

2 3 4 3 6 1n 0 21
CR I R

-1 13 -9
1
Now let z = | 1 |. We can see that, indeed, A(Bz) = Cz. Therefore,
1

C=AB.

y v 6 | "~
z L\ =
D> L Ly a



5

To actually get a formula for AB, let’s do what we did when we
defined addition. Suppose B = [ b; ... b, |. Then

— Alarby) + Alwsby) + o+ Alab,)

= 21(Ab)) + x2(Aby) + ... + 2, (Ab,,) NS
’(\A S 7
—[Ab Ab, ... Ab ]z - \>\<b
So what’s the formula for AB? Well, we see that AB = [ Ab; Ab, ... Ab, ].
Definition of Matrix Multiplication:
Given an m x n matrix A and an n X p matrix B = [ by ... b, ]7 we
have AB = [ Aby ... Ab, ]

Let’s try this out. Given A and B, find AB.

A:{g—lz} B:{Zg}
SIS MR R B
R TR AN | 72 I e I N | ) I
)

4 5
2 AB-= Kh\z. /Au} o



Let’s take a closer look at how we calculated AB in the last exam-
ple. Is there another way to perform these calculations that wouldn’t
require so much writing? Let’s try calculating AB when

1 2
A=1|3 4 B:Hﬂ
5 6

What is the 1,1 entry of AB?

Al s o |(4)5 | e b eary
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Look at how we combine the 1st row of A with the 1st column of B!

What is the 1,2 entry of AB? Let’s try combining the 1st row of A
with the 2nd columin of B like we did above... M \ 2

p’l”z: | ¢ &1\" ’;_?L ’ - ‘
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We call this the row-column rule for matrix multiplication. Let’s
finish finding AB this way.
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Now you find AB: Yo
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Can you find BA?

Finding BA doesn’t make sense, does it? Why is this? Let’s look
back at our first definition of AB. For an m x n matrix A and ann X p
matrix B we said that

AB = [ Ab, Ab, ... Al_)p ]
What do we notice about the dimensions of A and B77

Well, for Ab; to be defined, we must have the number of columns in
A equal to the number of rows in B. This is the only requirement.

So given an m X n matrix A and an n X p matrix B, AB is a well

defined matrix and we know how to compute it. But what is the di-
mension of AB?

Answer: AB will be an m X p matrix.



8

Properties of Matrix Multiplication

Suppose A is m x n and that all of the following products are well
defined. Then we have:

a) A(BC) = (AB)C

b) A(B+C)=AB+ AC

¢c) (B+C)A=BA+CA

d) r(AB) = (rA)B = A(rB)

e) I,A=A=Al,

Why do we need both (b) and (¢)? Aren’t they saying the same
thing? Isn't A(B+ C) = (B + C)A? Hmmmn...

Recall the following to matrices:

5 1 20
1=[3 5] =[]
We already found that

-4 5

2 —6

But let’s see what BA is equal to. Is BA even defined???

So we see that AB # BA! Because of this, we say that matrix nulti-
plication is non-commutative. That is, we cannot always switch from
AB to BA without possibly changing the resulting matrix or even get-
ting something that is not defined.

Check out the box on page 114 for some warnings related to the non-
commutativity of matrixz multiplication.



4. THE TRANSPOSE OF A MATRIX

One last item...given a matrix A, sometimes we want to consider the
new matrix obtained by taking the columns of A, turning them side-
ways, and making them into rows. We call this new matrix AT. We
say AT as A transpose.

Definition
Given an m x n matrix A, the n x m matrix A” is formed by taking
the columns of A and turning them into rows.

Eramples:

1 -3
11 11 r |1 5
C‘{—35—17} =11 2

17

Properties of matrix transposition
a) (AT = A

b) (A+ B)T = AT + BT

c) (rA)T =r(AT)

d) (AB)T = BT AT

HOMEWORK!
p. 116 # 1,2, 7,9, 10, 12, 20, 21, 22, 23



