Section 6.8: Indeterminate Forms

Review

Trigonometric functions:

Questions

= What is the domain and range of sin™(x)? Of tan~(x)? Of cos™}(x)?

= What is tan(tan=1(0.3))? What is cos™*(cos(7t/5))? What is sin(cos™1(1/2)) ?

Right triangles

To find tan(sin~1(0.4)) , let 6 =sin%(0.4) so that 0.4 = sin(6). Represent sin(H) in a right triangle.

Using this triangle, tan(sin"1(0.4)) = tan(6) = —04 - 04 ~0.436.

Questions

Use a right triangle to find a formula for sec(tan™*(x)).

Indeterminate forms

Questions

2x+17
x-1

m What is limyg

4X+l?

m What is lim,_g

x

2

<

m What is limyo ==?

P =]

m What is limy-o ol

® What is lim,.e f?

= What is lim,., 12

® What is limys—c Z—i?

m What is limye );—2?
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Given a limit lim,q f(x), if we can simply evaluate f(a) as the limit we say lim,,f(x) is determinate (and
continuous). If we cannot simply evaluate f(x) at x = a, we say the limit is indeterminate -- it may or may
not exist. Perhaps some algebra will help....

Indeterminate limits
L] %, a small number divided by a small number could be anything. More work is needed.

= % alarge number divided by a large number could be anything. More work is needed.

L’Hopital’s rule

If you have a limit of a quotient which is either a %or an 2 limit, then the following is true if the limit

(and the derivatives) exists:

a) _ @)
h(x) ~ h(x)

Warning: If the limit is not %or =, the above two limits are not equal.

liMysq limysa

Example
To evaluate limy,e ?, first notice that plugging in oo for x produces :‘j: . We can use L’Hopital’s rule:
liMyseo ;(—X =liMmyse {:—X))'—, =liMmySe j =0

Questions

Evaluate the following limits.

. X
" Mo 0
. tan-i(x
| limoe S
X2=3x+2
sin(x-1)

. 1-cos(x)
m limyso 2

m limysg

Why it works

For the %case, this means f(a) = 0 and g(a) = 0. Remember the limit definition of the derivative

f/(a) = lim,oq 122
g'(a) =limysq XX:G .
Since f(a)=0=g(a)
. ) _ s f()-f(a)
liMicsa gy = iMacsa ) 1)
f()-f(a
=limysq T
_ [a)

T g
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Questions

Can we use L'Hopital’s rule on limy; ’;—_11? Compare the actual value of this limit with the limit that

comes from L’'Hopital’s rule.

Other indeterminate forms

There are other indeterminate forms. Sometimes we can use L'Hopital’s rule to evaluate them if we can
rewrite into either the % or f form.

Other forms

B oo — oo Or a large number minus a large number.

m 0-oc0 Or a number close to zero times a large number.

m Indeterminate powers
= 0° or a small number raised to another small number.
® oo or a large number raised to a small number.

m 1= oranumber close to 1 raised to a large power.

Difference example

Evaluate limyse (IN(2 X + 1) = In(3x = 5)).
Use log properties to rewrite as a fraction.

liMyse (IN(2 X + 1) = IN(3Xx = 5))
. 2x

= llmxﬁwln(ﬁ)

2424) —— (What allows us to do this?)

3x-5

= In(liMyoroo

=7

Product example

Evaluate limy_.x(7T/2 - tan™1(x)).

Rewrite one of the factors as a fraction, factor = Thoor

liMysseoX(7T/2 = tan™ (x)) = limyse (a-tan?(9) _ ?

1/x
Questions
B limyseX sin(%)

® [imyso-x In(x)
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Power example
Alimit that comes from finance is
liMyose (1 + f)x
Change the exponential expression to base e and take the limit of the exponent.

liMyse0 (1 + f)x = liMysseo e'”((l’f;')x) = [iMyoses exln(l+;—)

= elim)(_>°(,xln(1+r/x) =2

Questions

Consider the function g (x) = (x + €)**. Itis defined on (0, ).
m What is limy,q+ g(x)?

m What is limy,e g(x)?



