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CURVE FITTING VIA THE CRITERION OF LEAST SQUARES

1. INTRODUCTION

In many instances, we wish to be able to predict the
outcome of certain phenomena. For example, we may want
to know which students in a graduating high-school class
will do well in their first year of college.

One way to get a measure or at least an indication
would be to observe the high-school grades in English of
20 or so students who have gone to college. If we match
the students' English grades with their grade point
average after one semester, we would be able to see if
good grades in English matched with high grade point
averages.

I[f the "correlation' is high, then, we might wish to
assert that students who do well in high-school English
do well in college. There may be exceptions of course.
We may want to look at other indicators (e.g., math
grades) but, the point 1is, we wish to look at two or
more statistics on the same individual, and we are
interested to know how these statistics relate.

Ideas of the sort alluded to above are the subject
of this module.

2. SCATTER DIAGRAMS

Many statistical problems are concerned with more
than a single characteristic of an individual. For
instance, the weight and height of a number of people
could be recorded so that an examination of the relation-
ship between the two measurements could be made. As a
further example, consider how the length of a copper rod
relates to its temperature.



TABLE 1

Temperature Length
(°C) (mm)

x y
20.1 2461.16
28.2 2461.49
38.5 2461.88
44.6 2462,10
57.4 2462.62
66.2 2462.93
78.1 2463 .38

When we draw a scatter diagram letting the horizontal
axis be the scale for the temperature and the vertical
axis the scale for the length, we note that the plotted
points lie very close to a straight line.

It is,

therefore,

reasonable to make a quick and accurate estimate of the
length of the rod for any temperature between 20.1° and

Length (mm)
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78.1°.* For example, if the temperature was 63.2° the
dotted lines in Figure 1 indicate that the corresponding
point on the line gives a length of approximately 2462.9 mm.

Let us explore another example that gives us a scatter
diagram where the points are more scattered. Table 2
gives us the weight in grams, x, and the length of the
right hind foot in millimeters, y, of a sample of 14 adult
field mice.

TABLE 2
Weight (g) Length (mm)

X y
22.3 23.0
16.0 22.6
18.8 23.2
18.2 22.5
16.0 22.2
20.4 23.3
17.9 22.8
19.4 22.4
16.9 21.8
17.6 22.4
16.5 _ 22.4
18.8 21.5
17.2 21.9
20.4 23.3

The point in Figure 2 that is circled indicates where
two points of the data coincide. The points here are much
more scattered than those of the previous set. It would
be extremely difficult to determine which straight line
best fits this set of points. In fact, if a number of
people were to attempt to fit a line to these points, there
is little doubt that each person would come up with a
different line. What we need is a mathematical method
for determining the line that comes 'closest" to-all of
the points.

*We are not in a position to speculate about values outside of
this range.
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3. THE LINE OF REGRESSION

The criterion traditionally used to define a
"best' fit dates back to the nineteenth century French
mathematician Adrien Legendre. It is called the
criterion, or method, of least squares. This criterion
requires the line of regression which we fit to our
data to minimize the sum of the squares of the vertical
deviations (dietances) from the points to the line.

In other words, the method requires the sum of the
squares of the distances represented by the solid line
segments of Figure 3 to be as small as possible.

From the figure, we see that the actual grade
received for a student who studied 11 hours was 79.
Reading from the line of regression we predict a grade
of about 71.
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Figure 3. Line of regression fitted to data on hours studied
and examination grades.
Observe that any line can be expressed:
(1) y = bx + ¢
or
(2) x = b'y + ¢c',

where the b's represent the slope of the line and the c's
are interpreted as the intercept of the axis.

If we consider Equation (1), knowing the values of
b and ¢ will allow us to compare the actual values in the
y column with bx + c. We take the difference in each case
and square the result. Consider the values of x and y in
Table 3.



TABLE 3

x y bx + ¢ ll)ifference]2

25 30 b25 + ¢ (30 - (25b + ¢)]2
30 46 B30 + ¢ [46 - (30b + c)]?
50 51 b50 + ¢ " [51 - (50b + c)}2
20 28 b20 + c (28 - (20b + c))2
70 48 b70 + ¢ {48 - (70b + ¢)]2
80 88 b80 + ¢ [88 ~ (80b + ¢))?
91 75 b9l + ¢ (75 - (91b + )1
46 52 b4b + ¢ [52 - (46b + ¢)]?
15 15 B35 + ¢ (35 - (35b + ¢))?
25 28 b25 + ¢ [28 - (25b + ¢))?
80 95 B8O + ¢ (95 - (80b + c)}°

We add up all of these squared differences. It must
then be determined what values of b and ¢ must be used

in order to have a line such that the sum of the vertical
distances from the line to the data points is at a minimum.

The Problem: Find the values of b and ¢ such that
the sum indicated below is a minimum.

Ip? = (30-25b-c)? + (46-30b-c)? + (51-50b-c)? + (28-20b-c)’
+ (48-70b-c)? + (88-80b-c}? + (75-91b-c)% + (52-46b-c)

+ (35-35b-c)® + (28-25b-c)® + (95-80b-c)?.

The symbol sigma can be emplgyed on both sides of
the equation above (i.e., ZDZ = iElfyi-bxi-c)z). Since
ZDZ is a function of b and c we can write

n
Ip? = £(b,c) = ] (yy-bx;-c).
i=1
To find our desired minimum we find the partial

derivatives with respect to b and ¢ and set the results
equal to zero. We obtain two cquations in two unknowns

3



which we solve simultaneously. This gives us the
desired values of b and ¢ and thus our line of best fit
(the line of regression).

Trace through the actual development given below.

t 2
f(b,c) = Zl(yi-bxi~c)

i=
of . 1 e )
5 iZIZ(yi bx;-¢) (-x;) 0
? 2
= iZl(-Zyixiﬂbxi +2cx;) = 0,
finally,
JORT DU
bx.” + CX., = X.Y,-
i=1 Y =1t q=1 M3

To continue with the other derivatives:

2 . 2(y,-bx,-c)(-1) = 0
3¢ " b 20bE e )

n
= 2 ] (-y;*bx;%c) = 0

i=1

and
n n n
Pbxy ¢+ 1 c= 1y
i=1 i=]1 i=1

Thus our two equations which are traditionally
called normal equations are:

b lxZecln - ]
(3} b X. *+ cC X, = 9
j=1 1 ey b gap 1
n n
(4) b [ x, +nc-= Lyg-
i=1 i=1

In order to solve these equations, we must calculate
the indicated sums as is donc in Table 4. We have also

included the table of yiz's because we can use the sum
n
L yiz to find the linc of regression x = b'y + c'.

i=1



The normal equations for this line are obtaincd merely
by interchanging x and y in the original two ecquations
(3) and (4).

TABLE 4
2 2
x y x y Xy
25 30 625 900 750
30 46 900 2116 1380
S50 51 2500 2601 2550
20 28 400 784 560
70 48 4900 2304 3360
80 88 6400 7744 7040
91 75 8281 5625 6825
46 52 2116 2704 2392
35 35 1225 1225 1225
25 28 625 784 700
80 95 6400 9025 7600
552 576 34372 35812 34382

As an example, for x = b'y + c' we have:

e by - ]
(3') b y.” + ¢! y. = y.X..
i=1 * i=1 Y et !
n n
t t Y =
(4") b* 1 y; * nc 1oxg.
i=1 1=1

From Table 4, our equations become:

(3) 34372b + 5S52¢ = 34382,
and
(4) 552b + 11lc = 576.
Thus,
Iic = 576 - 552b
c 576 ilSSZb'

Substituting the value of c into (3) we get



34372b + 552376 iISSZb] 34382

378092b + 317952 - 304704b = 378202
73388b = 60250
b = 0.8209789

and ¢ = 11.165422.
Hence, y = 0.8209789x + 11.165422, Similarly,

(3) 35812b' + 576¢c' = 34382
(4') 576b' + 1l1lc' = 552
llc' = 552 - 576b!

ot = 552 - 576b"
1 '

Substituting in (3') we get

35812b' + 576[552 ‘1f7°b'] - 34382
393932b' + 317952 - 331776b' = 378202
62156b' = 60250

b' = 0.9693352

and
¢' = -0,5760972

S, X = 0.9693352y - 0.5760972,

So, we now have the lines of best fit with respect
to y and with respect to x. (See Figures 4a and 4b.)}
We can use either one, depending on our needs. Further
than that, having the two lines allows us to calculate what
is called the coefficient of correlation.

4. COEFFICIENT OF CORRELATION

In order to get a numerical indicator of how well
the two sets of scores compare, we take the geometric mean
of the slopes of the two lines of regression (i.e., r = 2/bb7).
9
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The sign is chosen to be negative if both slopes are
negative, and positive if both slopes are positive. This
value, which ranges from -1 to 1 is called the coefficient
of correlation. If we have good correlation the value r

is close to 1. Poor correlation is indicated
near 0. If high values of one characteristic
with low values of the other, the correlation
negative. Observe the distribution of points
graphs of Figure 5.

by a value

are associated
is considered
in the

r = 0.4 r = 0,98

Figure 5.

Using the data from the example in the previous

section we have:
r = /Bb7 & /{0.8209789)(0.9693357)
& /0.7958037
* 0.8921,

The value of r indicates a reasonably good

correlation.

We can determine b and b' directly from the two
normal equations. This allows us to calculate r without

11



the trouble of finding the lines of regression. With a
little algebra we can write:

n n
“.Z X;Y5 ,Z 2 Y3
b = i=] i=] i=]
'2‘ 2 'z‘ 2
n X - X
i=1 } {i=l ‘]
and
b L)
n X.¥. - Y. x
I L CE Y | LT

Exercise 1.
Given the normal equations (3), (4), (3'), and (4'), use algebra
to obtain b and b' above.

Since r = /bb" we can write:

n n 2
[1§1x‘ i izlxi)(igxyi]J

Y
niglxi {121x1]2)[n'£1yi2 -1 Yi]zl

More simply:

As a check we substitute the indicated sums in this
new formula:



11(34382) - 552(576)
J(11(34372) - (552)%)(11(35812) - (576)%)

. 378202 - 317952 _ 60250

e r + 0.8920639 * 0.892]1.

This agrees with the results obtained by employing
the explicit slopes, b and b' of the two lines of
regression.

S. REGRESSION FOR LOGARITHMIC SCATTERS

Consider the graph in Figure 6 of a man's growth
measured every three years after birth. Notice that
there is a great deal of growth between birth and 15 years.
After that time, growth tapers off. Table 5 gives the
data used in plotting the graph.

TABLE 5
Age
in Yrs. Birth 3 6 9 12 15 18 21 24 27
Height
in Ft. 1.5 3 3.75] 4.5 5 5.816.11(6.15;6.17]6.18

Using the techniques developed in Section 3, we can
easily fit a line to the data. See the calculations
below in Table 6.

13
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TABLE 6
2
x x y Xy
0 0 1.60 0
3 9 2.90 8.70
6 36 3.75 22.50
9 81 4.50 40.50
12 144 5.00 60.00
1% 22% 5.80 87.00
18 324 6.10 109.80
21 441 6.15 129.15
24 576 6.17 148.08
_31 729 6.18 166.86
135 2565 46.55 772.59

Using bez + ¢cEx = Lxy

bIx + c¢n

= 1ly.

Therefore we can write:

14



2565b + 135¢ = 772.59
135b + 10c = 46,55

46.55 - 135b
10

c‘

and we can further write

2565b + 135 46‘5516 135b]'- 772.59

25650b + 135(46.55) - (135)%b = 7725.9
25650b + 6284.25 - 18225b = 7725.9
7425b = 1441,65

b = 1441.65/7425
b

0.1942

S € 2.0333

and we have our line of regression:

y = 0.1942x + 2.0333.

In order to draw the line we need only locate two
points.

For x = 0, y = 2,0333,

for x = 3, y = 0.1942(3) + 2.0333 = 2,6159.

While this is not a bad fit, we can do better. It
turns out that the data will fit a logarithmic curve
much better than a straight line. In general, logarithmic
curves look like the one shown in Figure 8.

We can take the loge* of each of the x values (age in
this example). We then use the same technique of least
squares to find a log line of best fit. The calculations
are given below. Notice how much closer this curve is to
the actual data.

*Log, 1s also written ln. We are using log, here to emphasize
the general nature of logarithms, We can arbitrarily use any base.
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TABLE 7

2

x logex (logex) y (logeX)y

0 -~00
3 1.0986 1.2069 2.90 3.1859
6 1.7918 3.2105 3.75 6.719)
9 2.1972 4.8277 4.50 9,8874
12 2.4849 6.1743 5.00 12.4245
15 2.7081 7.3338 5.80 15.5707
18 2.8904 8.3544 6.10 17.6314
21 3.0445 9,2690 6.15 18.7237
24 3.1781 10.1003 6.17 19.6089
27 3.2958 10.8623 6.18 20.3680
22.6894 61.3392 46.55 124.1198

We use

bI(logx)? + cIlog,x = I(log,x)y
bzlogex + cn = Ly,
Therefore we can write:

61.3392b + 22.6894c = 124.1198
22,6894b + Sc = 46.55

C =

46,55 b 22.6894b

therefore

3

61.3392b + 22.6895 46.55‘292.6894[3]

124.1198

9(61.3392b) + 22.6894(46.55) - (22.6984)2b 9(124.1198)

$52.0528b + 1056.1915 - 515.2174b = 1117.0782
36.8354b = 60.8867
b= 1.6529

17



Let

Height in Feet

X

P A B A T

c . 46.55 - 22.6894(1.6529) , 16.55 - 37,5033
9 g
- 20467 _ | 4052
y = 1.6529 logex + 1.0052,
= 3, then y 1.6529(1.0986) + 1.0052 = 2.821.
= 6, then y 1.6529(1.7918) + 1.0052 = 3.9669.
= 3, then y 1.6529(2.1972) + 1.0052 = 4.637.
= 12, then ¥ 1.6529(2.4849) + 1.,0052 = 5.1125.
= 15, then y 1.6529(2.7081) + 1.0052 = 5.4814,
= 18, then y 1.6529(2.8904) + 1.0052 = 5.7827.
= 21, then y 1.6529(3.0445) + 1.0052 = 6.0375.
= 24, then y 1.6529(3.1781) + 1.0052 = 6.2583.
= 27, then y 1.6529(3.2958) + 1.0052 = 6.4528.
3 ® _’ * t
b 4 +
+ *
*
+ 1
- :
4
]
3 6 9 12 1S 18 21 24 27
Age in Years
Figure 9.
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Exercise 2.

Fit a logarithmic curve to the data given in the table below.

X 1 6 11 16 21

y 12 42 53 71 76 s

6. REGRESSION FOR EXPONENTIAL SCATTERS

Consider now, an experiment where a large number of
corn seedlings were grown under favorable conditions.
Every two weeks a few plants were weighed, and the
average of their weights was recorded. (See Table 8.)

We also give a graph in Figure 10. It would be difficult
to find a straight line that would fit very well. The
logarithmic curve does not fit so well either.

TABLE 8
Age
lnveeks | 2| 4 | 6| 8 [10] 12 [ 14 | 16 ;18 | 20
Average
Weight 21 28 58 76 |170 ) 422 | 706 | 853 | 924 | 966
in Grams

This set of data is probably best fit to an
exponential curve. The general shape of such curves
(y = e*) is given in Figure 11. Algebraically y = e*
can be written logey = X. For a general exponential we
can write:

bx
y = ce .
With a little algebra, we can get a form that will allow
us to use the least squares method. Analyze the develop-
ment below. 19
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y = ce -+

And further we have:

logey - logec = bx or logey = bx + logec.

We can find the "line" of best exponential fit by

bx

z = bx -> =
C e logez bx.

C

taking the log, of the y values and then proceeding with
the least squares technique. (See Table 9.)

TABLE 9

x Yy log ¥ xz x(log vy)

e e
2 21 3.0445 4 6.0890
4 28 3.3322 16 13.3288
6 58 4.0604 36 24.3624
8 76 4.3307 64 34.6456
10 170 5.1358 100 51.3580
12 422 6.0450 144 72.5400
14 706 6.5596 196 91.8344
16 853 6.7488 256 107.9808
18 924 6.8287 324 122.9166
_20 966 6.8732 400 137.4640
110 $2.9597 1540 662.5196

Keeping the equation

logey = bx + logec

in mind, we calculate

1540b + 110 log,c = 662.5196

110b +

10 log,c = 52.9597

$2.9597 - 10 log,c
T10

$2.9597 - 110b

b =

log,c = 10

21



1540b + 110[52'95910' 110b] . 662.5196
1540b + 5825.567 - 12100b = 6625.106
3300b = 799.629
b o= 0.2423
. 52.9597 - 26.653 _
log c - 2.63067
log,y = 0.2423x + 2.63067.
For x = 2, log,y = 0.2423(2) + 2.63067
- 3.11527
therefore
y . @3-11527 5 41000311527
- 22.5395.

For x = 4, 1ogey 0.2423(4) + 2.6307

therefore
y = 36.5946.
For x = 6, y = $9.4122
for x = 8, y = 96.4573
for x = 10, y = 156.6008
for x = 12, y = 254.2454
for x » 14, y = 412,7739
for x = 16, y = 670.1489
for x = 18, y = 1088.0038
for x = 20, y = 1766.4019.

We could have solved for ¢ when we obtained
1ogec = 2.63067.

I1f logec = 2.63067, then ¢ & 13,8831,
therefore
y = 13.8831e0-2423x

If we substitute 2 for x we get a value which is virtually

the same as we got using the other form. That is, 53



Weight in Grams

y = 13.8831e

0.2423(2)

22.5395.

Observe the fitted curve in Figure 12.

17004
1600 -
1500 -
1400 -
1300
1200
1100 -
1000

900 4

800 4
700 4
600 +
500 4
400 4
300 4

200 +

100 -

L g

L

¥

L

L

¥

=

=

=

L 4

.

]

e

1

¥ L)

2 4

Figure 12.

4
6

T

10

12

Age in Weeks

Exercise 3,

Try to fit the data for the growth of the corn seedlings

using 15 as a base instead of 10.
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7. POLYNOMIAL SCATTERS

A disc was rolled down an inclined plane and the
distance it travelled was measured after 0, 2, 4,
scconds. The results are organized in Table 10,

TABLE 10

_
Time (x) o |l 21 a6 | 8 |10}12]14]16

Distance (y) 0 1 3 5 8 12 17 23 + 29

We give a graph of the data in Figure 13. Notice
that it looks as if it could be fitted to an cxponential.
However, this data fits closer to a second degree poly-
nomial or a parabola, y = axz + bx + ¢,

0 T Py
@ 25 . ad
5 ®
-~
£ w4
g ®
o
c 15 = =
m .
e
o 10 -
E .
o

S5 A4 ®

®
o * 2 ; 4+ ; }
10 15 20
Figure 13. Time in Seconds

In order to fit a polynomial we must do a little
more mathematics. Notice, that we now have three constants
to identify, namely a, b, and c.

We must consider minimizing the sum

I lyy - ax,t e b 4 )1l



