Predator/Prey Lab II

Lotka-Volterra

· Today we introduce the second population, the predators, on top of a prey population which typically follows a logistic growth pattern (whose population tends toward some carrying capacity, as we saw in our last lab). 

We'll be looking at a predator/prey system (Lynx/Hare): the especially interesting thing about these models is that we expect oscillations -- rather than settling down to a "steady state" equilibrium (that is, the populations equilibrate to some nice constant value, and everyone lives in peace), we find that there tend to be cycles in the populations -- boom and bust. 
This makes sense, because when the hare become numerous, the lynx find life really good, and prosper. Then, when the lynx prosper too much, they prey on too many hare, and the hare population drops precipitously. 

And so it goes.... 


· In this lab you'll be creating a Word doc (or similar) to illustrate that you've carried out the steps in this lab. So you might open that up. 

Now let's get started.... 
A. Visit my basic Lotka-Volterra model, which I cloned from another author. "Clone Insight" yourself, so that you have a copy. The first things I want you to do is 

· change names, from Fox to Lynx; and 

· read the information on this system provided by the original author. 

(Note: when I changed the names, one instance of "Fox" did not get automatically changed, and InsightMaker threw a fit. If the same thing happens to you, just change the indicated "Fox" to "Lynx", and you'll be able to get by it.) 
B. Lotka-Volterra is a system of differential equations: two of them, to be precise (and I adopt the form of the equations from the Insight you've cloned). 

\[ \frac{dx}{dt}= \alpha x - \beta x y\\ \frac{dy}{dt}= \delta x y - \gamma y \] Actually, in this case of the Lotka-Volterra system, we'll see that we need to tweek the system a little to make the prey appear to behave logistically: we could write \[ \frac{dx}{dt}= \alpha x \left(1 - \frac{x}{\frac{\alpha x}{\beta y}} \right)\\ \frac{dy}{dt}= \delta y \left(x - \frac{\gamma}{\delta}\right) \] So that we can consider $K=\frac{\alpha x}{\beta y}$ as an "effective carrying capacity" -- and so long as this scaled ratio of prey to predator stays relatively constant, the prey would behave logistically. But since it's a moving target, so to speak, you might imagine that oscillations are possible. 
One of the most important things to do when considering a system of differential equations is to find equilibria -- that is, variable values such that the system is "at rest" (no change in population values. 

We find equilibria for a system by setting all of the rates of change equations to 0: so set $\frac{dx}{dt}$ and $\frac{dy}{dt}$ to zero, and solve for $x$ and $y$ such that these are both satisfied. 

If you look at the equation $\frac{dy}{dt} = 0$, you see that there are two possibilities: $y=0$ or $x=\frac{\gamma}{\delta}$. So for an interesting equilibrium we must also have $x=\frac{\gamma}{\delta}$. 

Setting $\frac{dx}{dt} = 0$, you see that there are two possibilities: $x=0$ or $y=\frac{\alpha}{\beta}$. So for an interesting equilibrium we must also have $y=\frac{\alpha}{\beta}$. 

So the interesting equilibrium is $\left(\frac{\gamma}{\delta},\frac{\alpha}{\beta}\right)$; the other equilbrium (extinction) is (0,0) -- that's sort of interesting, but really unpleasant! 



In this lab, you will interact with your InsightMaker model. Start with the following parameters: 
	initial hare population
	$x_0=100$

	initial lynx population
	

	$y_0=15$
	

	carrying capacity
	

	$K=90$
	

	Hare birth rate 
	

	$\alpha=1$
	

	Hare predation coefficient 
	

	$\beta=0.035$
	

	Lynx L per H conversion rate 
	

	$\delta=0.01$
	

	Lynx loss rate 
	

	$\gamma=1$
	

	
	


For "Settings", make sure that you're running in Months, 0 to 20, with RK4, and with Simulation Time Step of 0.05. 



C. Now to the stuff that you're going to report back to me: 

0. Create a Word file (or similar) for your results. Hit "Simulate", and (find some way to) paste the graph into the Word file. (On my mac I'm having trouble getting the image saved right, or viewed right, so I'm reduced to taking a picture of it with screen capture.) 

Describe what's happening with the population -- how do the populations vary? Which one is leading, and which is following? Tell the story. 
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There are few foxes at the outset, so the hare population takes off. But the foxes take note of this, and they start eating better, and reproducing better, and soon their population starts soaring – to the detriment of the hare, which starts to lose population in the worst way. As they tank, the foxes start running out of food, and THEY tank, which means that the hare aren’t under so much pressure – so they take off again, and so it goes…. Over and over…. 

1. Notice that there's a second Display in the graph. Click on "Phase Portrait". This is a scatterplot of the two populations as time varies. 

Use the slider along the bottom, and set it for 5 months (you can see the number of months from the "Predator and Prey vs. Time" display). Take a picture, and submit with your Word document. 
Is the rotation clockwise or counter-clockwise? Move the slider to find out. 

This is a limit cycle, a different way of perceiving the oscillations in the two populations. Notice that the cycle repeats over and over.... Does it agree with your story? Does it enhance it, or tell it better? 
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The rotation is counter-clockwise. It tells the same story, but it shows us that the world just goes round and round…. So as to which is chasing which: if the rotation were in the clockwise direction, then when the hare are increasing to their maximum, the fox would be decreasing, and they decrease further and further, the hare population would start crashing. They just love to get eaten, those hare!

2. Now we want to investigate how the solution (the population over time) changes as the initial population changes: 

One interesting question is this: when is an equilibrium stable? 
What this means is that, if we push the system slightly from its equilibrium, it returns to the equilibrium. 

2. Create ("Add Primitive") a new variable ("Add Variable": call it "Hare equilibrium"). It requires links from gamma and delta, so add those (select "Links", and then click on one and drag to the other); and give it value ("Value/Equation") gamma/delta; 

2. Similarly create a new variable (call it "Lynx equilibrium"). It requires links from alpha and beta, and takes value alpha/beta; 

When you're done, your model should look something like this (only I've still got Foxes where I should have Lynx!:). 
2. Run a simulation with the original initial values. Minimize the Results, and keep it tucked away for comparison. 

2. Create links from "Hare equilibrium" to the Hare stock, and from "Lynx equilibrium" to the Lynx stock. Change the "Initial Value" value of each stock to its equilibrium value. 

Capture your model (e.g. screen capture) and include it in your report. 
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2. Simulate, and use the "Compare Results" from "Tools" to plot both of the simulations on the same screen. Copy that to your word document. 
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I had to finagle to get this the way I wanted it. I thought that it would be easier. I should have made it clearer in the instructions. So I saw a variety of attempts to show different things! It was really that third plot that I wanted, which I created by plotting Hare and Hare Equilibrium, then adding a “secondary” axis (Configure allows that option) for the predator:
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The point is that the populations are oscillating about an equilibrium value of the population. If we start at that equilibrium, the populations stay at those equilibrium values. But if we start off of the equilibrium, we oscillate.
What's going on? 
3. Is the equilibrium stable? Let's find out: perturb it a little bit, and let's see if the system returns to its equilibrium: 

3. Change the "Initial Value" value of each stock to its equilibrium value*1.0001 -- in other words, we move just slightly from the equilibrium values (that's called a "perturbation"). 

3. Simulate, and describe the results. Capture for your report. 

[image: image9.png]Simulation Results 5

© AddDisplay | il ©

Phase Plot  New Display

®Hae @ Fox

100.2 2863
10015 2862
2861
100.1
< 286 -
10005 2859 %
& 2858 §
£ 10 g
5
§ 2857 &
99.95 2856
2855
299
2854
99.85 2853
0 115 25 35 45 55 657 8 9 10 11 12 13 14 15 16 17 18 19 20
Time (Months)

.( ®) FulSpeed




No, it just seems to keep oscillating. Looking at the phase portrait, we see the same story:
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The teachable moment: 
Unlike the logistic equation, the populations don't tend toward the equilibrium value, but orbit it! 

Let $x_e=\frac{\gamma}{\delta}$, and $y_e={\frac{\alpha}{\beta}}$ be the equilibrium values of $(x,y)$. 

We define two new variables that will simplify the equations, putting the spotlight on the equilibrium: 

\[ X=x-x_e\\ Y=y-y_e \] 

$X$ and $Y$ represent a small perturbation from the equilibrium values of $x$ and $y$, $(x_e,y_e)$. Think of them as very small numbers -- near zero. 

Alternatively, 

\[ X+x_e=x\\ Y+y_e=y \] 

Note that, since $x_e$ and $y_e$ are constants, 

\[ \frac{dX}{dt}=\frac{dx}{dt}\\ \frac{dY}{dt}=\frac{dy}{dt} \] 

The important thing to notice is that, with this choice of variables, the interesting equilibrium $(x,y)=(x_e,y_e)$ occurs when $(X,Y)=(0,0)$. So the new equilibrium of interest is $(X,Y)=(0,0)$ -- we're thinking of $(X,Y)$ as small perturbations from $(0,0)$. 

With this change of variables, 

\[ \frac{dX}{dt}= \alpha (X+x_e) \left(1 - \frac{\beta}{\alpha} (Y+y_e) \right)\\ \frac{dY}{dt}= \delta (Y+y_e) \left((X+x_e) - \frac{\gamma}{\delta} \right) \] 

or 

\[ \frac{dX}{dt}= \alpha (X+x_e) \left(1 - \frac{\beta}{\alpha} (Y+y_e) \right)\\ \frac{dY}{dt}= \delta (Y+y_e) \left((X+x_e) - \frac{\gamma}{\delta} \right) \] 

which simplifies to 

\[ \frac{dX}{dt}= -\beta (X+x_e) Y \\ \frac{dY}{dt}= \delta (Y+y_e) X \] 

If we multiply each equation through by either $X$ and $Y$, 

\[ X\frac{dX}{dt}= -\beta (X+x_e) XY \\ Y\frac{dY}{dt}= \delta (Y+y_e) XY \] 

and note that this is the same as (chain rule!) 

\[ \frac{dX^2}{dt}= -\beta (X+x_e) XY \\ \frac{dY^2}{dt}= \delta (Y+y_e) XY \] 

we then add the two differential equations, 

\[ \frac{d}{dt}\left(X^2+Y^2\right) = XY \left( \delta Y - \beta X + \delta y_e - \beta x_e \right) \] 

This choice may not seem obvious to you, but the idea is that it looks like a small circle around the equilibrium, which is how we thought of it. We make the observation that 

\[ \frac{d}{dt}\left(X^2+Y^2\right) \approx XY \left( \delta y_e - \beta x_e \right) = XY \left( \delta {\frac{\alpha}{\beta}} - \beta \frac{\gamma}{\delta} \right) = XY \left( {\frac{\delta^2 \alpha - \beta^2 \gamma}{\beta\gamma}} \right) \] when $X$ and $Y$ are small (i.e. the original populations $x$ and $y$ are near their equilibria). 

This is because the part we threw away was very close to zero (and closer to zero the smaller the perturbation we make from the equilibrium), whereas the part we kept is constant. That's true, so long as the parameters are not alligned precisely so that the constant is zero: what if we just happen to choose $\alpha=\frac{\beta^2\gamma}{\delta^2}$? 

This approximate DE \[ \frac{d}{dt}\left(X^2+Y^2\right) = cXY \] where $c = \left( {\frac{\delta^2 \alpha - \beta^2 \gamma}{\beta\gamma}} \right)$ (and let's assume, without loss of generality, that $c>0$) illustrates the instability of the equilibrium $(X,Y)=(0,0)$. 

First of all we note that $X^2+Y^2=r^2$ represents the circle of values around the equilibrium at radius $r$ (which we think of as really small). What the DE says is that when $X$ and $Y$ are of the same sign, the radius is growing; but when $X$ and $Y$ are of opposite sign, the radius is shrinking. 

If you look at the phase portrait, this will make sense -- the phase portrait in the case of initial values near the equilibrium values appears to be ellipsoidal -- the circle is stretched out along a major axis, and shrunk in along a minor axis. 

So this explains a little about why the "phase portraits" look the way they do. 



4. Return the parameter values back to their original starting values. Now set $\alpha=\frac{\beta^2\gamma}{\delta^2}$. 

Extend the Simulation Length in Settings to 100, Simulate, then incorporate an image of the results into your Word doc, including an image of the phase portrait as well. Describe the results. 
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What wild looking pictures! These represent not reality, but rather numerical instability. They don’t make much sense biologically either. 

The Mathematica results are better, but I had to tell Mathematica that this is a “stiff” problem (numerically tough):
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But it’s important to realize that sometimes your numerics aren’t telling you the truth!
Repeat, but choose the initial population values close to the equilibrium values (equilibrium value*1.0001). Include an image of the phase portrait, as well: what shape does it have? 
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Note that the equilibrium value in this case is (100,350) – 100 hare and 350 foxes – that doesn’t seem very reasonable! But if we start near this equilibrium (rather than so far from it, as we did in the first case), we stay right near it. 
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Actually, if you’ll look at the radius, it’s just about a perfect circle!

1. Links: 

· https://insightmaker.com/insight/98676/Logistic-Growth 

· Lotka-Volterra system (InsightMaker) 

· Lotka-Volterra system (Mathematica) 



Website maintained by Andy Long. Comments appreciated.

