Integral Test

MAT 229, Spring 2021

Week 10

Supporting materials

If you wish to get a different perspective on the notes below, try either of the following textbook
sections.

m Stewart’s Calculus
Section 11.3 The integral test and estimates of sums

m Boelkins/Austin/Schlicker’s Active Calculus
Section 8.3: Series of real numbers

Code used below (thanks to Al Hibbard)
Review

Question

What are the first four partial sums for koio kl—z? (Video)
=1

Questions

Which of the following converge? To what?
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Question

How do | know that kizl sin(k) diverges? (Video)


http://ceadserv1.nku.edu/longa//classes/mat229/highlights/11.3.pdf
https://scholarworks.gvsu.edu/books/10/
https://nku.zoom.us/rec/share/BQAxPBqOKRpjt-bq0iIJSlkmefAzhb1fLIyko3SEhRrHzhuCqJhUM2_H5BS-8Xo.mRzHXPUdS6trGsbg
https://nku.zoom.us/rec/share/iNFmW0pFB2celHwqaM7veKXwnLsIn60fYgsbWr0vJTbd_TJh0rOUEvN-vrQTTeII.99-HcelAJAUb1-Fq
https://nku.zoom.us/rec/share/nP4rNFSKcNGlHR5B_OBhnVvDHY97_gRsGVBMvLpc1571xSdix0fEWB7Gixb9q-p1.h3bLHfr4Waek9O6h
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Series Tails

m Finite sums have finite values.

n
2 ax=a1+0a+...+0p_1 +0,
k=1

= [nfinite sums can be written as the sum of its first few terms and all the other terms

(o]
kZ ag=a1+0ax+...+0p1+ap+0py1 +0ps2 +ape3 + ...
=1

n oo
=2 ar+ 2 ag
k=1 k=n+1

Wesay X agis a tail of the series.
k=n+1

Series convergence

Because the first few terms have a finite sum, the whole series converges if and only if each tail
converges.

Integral Test

Questions

11

Consider the series kZ k% The summands (terms) of this series are 1, TR
=1

m You have computed the first few partial sums for this series. How do the partial sums compare, S;
with S, S, with S3, etc.?

m |s this monotonic or not?

(Video)

Questions
Suppose the summands a, a,, as, ... are all positive.

n
m Are the partial sums S, = kZ ax monotonic?
=1

m If we can find an upper bound for the sequence S3, S,, Ss, ... what do we now about the convergence

(o]
of Z ay?
k=1

(Video)

Questions

Letax = kl—z The plot of these terms is


https://nku.zoom.us/rec/share/Z5oQyYSnnBf442wtCiKiGeMs8YCUd_r-0Os0IwEKwnnsPD2Zj_OstQ-j8DLFDoIL.sN6ASQ2pvKLtDbOA
https://nku.zoom.us/rec/share/b20re4wW0ic5kAiKIBcFdIzH25fIy4HrEUpZSrh1dl2Dp1tqhfPrj-rdMyyoLfq1.REjbGvHJIm5JXS1u
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m Approximate ffx%dx using n =4 and the right hand endpoints.

m |s that an underestimate, overestimate, or can’t tell?

m Approximate J'lsxl—zdx using n =4 and the left hand endpoints.

5
® How is that approximation related to kiz kl—z?

= Whatis f;’xl—z dx? What can you conclude about kgl k%?

(Video)

Questions

Let ax = % The plot of these terms is
ak
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m Approximate fffdx using n =4 and the left hand endpoints.
m |s that an underestimate, overestimate, or can’t tell?

4
m How is that approximation related to kZ %?
=1

= Whatis "+ dx? What can you conclude about kOZO 2
=1


https://nku.zoom.us/rec/share/W6k1Nv61YUzWuIVu_LcW2vE7pouBoqug2lTR6m9C8BJ6hyFvUioqc1g8D4ue_6ws.mo5K_u_wW-gRDrzH
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(Video)
Integral test

Given the infinite series ;Zo ay, if there is an integrable function f(x) such that
=n

m f(k)=axfork=n,

m f(x)20forx=n,

m f(x) is a decreasing function for x = n.

then the infinite series :Zo ay converges if and only if the improper integral f:f(x) dx converges.
=n

Right Endpoints
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S a =LRR> [* f(x)dx>RRR= 5 a
k=n+1 k I”"'l ( ) k=n+2 k

Question

Use the integral test to determine if 22, e converges or not.
(Video)

Question

For which values of p does the infinite series kOZO k% converge and for which values of p does it diverge?
=1

(Video)

Error estimate


https://nku.zoom.us/rec/share/CMEix8yJ6c5CHVVt9alygAqmOS3FzY9ss-KTLD7ilrNH1TrvR-UQUlg7cMq7Lf-l.KXMEB1Mhjee9EYKu
https://nku.zoom.us/rec/share/qkyDZrk6rv_b9mCVIGOn3er7PWiylmPBeMQwAo7OkTg0Nl5BZM-0iD4L0cjPqPJS.SYH-jD2ryGGLi7ti
https://nku.zoom.us/rec/share/xHLa0Xw4FKMup2uFlcZTHni-OKmlYgYEV7pHfOUadiGsfvRpSifr8VNqXwfmI3bo.DP2a4r_2qRMqInKn
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Once you know a series converges, you can approximate it with a partial sum.
2Ry ak = 2]y ax
The absolute error in this approximation is
error
= | exact — approximation |
= | 2721 Ok — 2oy k|
=|(ai+a+a3+...+0p+0pe1 +Apia+ ... )— (a1 +ary+ a3 +...+ap) |

= | Oper +Anaa + ... |

=|Zak

k=n+1

The error is just a tail of the series.

Integral test error estimate

If we know a series 232, axconverges due to the integral test with function f(x), then the error in approxi-
mating 22, a, with the partial sum XJ_; ay is

NI PR f:’f(x) dx

Right Endpoints
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Questions
Consider the series 23 ; k% We know this converges by the integral test.
= What is the error in approximating 22, ;5 L with 27_, k3
m How should | choose n to approximate Zk_l = With Z”_l .= SO that the error is no more than 0.0001
(Video)
Questions

m Does the series 232, kz converge or diverge? If it converges, approximate it with a partial sum with

error less than 0.001. (Video)

m Does the series 232 ﬁ converge or diverge? If it converges, approximate it with a partial sum with
error less than 0.001. (Video)


https://nku.zoom.us/rec/share/2BIiGTJPNtwPmnfD4YuyYo8-nXsQra10eutupnlA20p8Onk9MycHu4jQwspDDSqV.eM1WfNJIdFeVJgRe
https://nku.zoom.us/rec/share/2o37PD0TinkBXW1LutGrFU29fXMC-5ftsw9sGToDwet0ckvkYuAcqNmgWGMv5xW0.nAfG5tcabwSKBo3w
https://nku.zoom.us/rec/share/sHQ_kmkqdGr_5aUdrQL17Q-Boe64qjXdxAV1DMxcgejR7vk1baJRcjK1uWlmHUOi.G4pPb3apQwcFpjj8
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Homework

m IMath homework on the integral test.



