Comparison Tests

MAT 229, Spring 2021

Week 10

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook

sections.

m Stewart’s Calculus
Section 11.4: The comparison tests

m Boelkins/Austin/Schlicker’s Active Calculus
Section 8.3: Series of real numbers

Review

Integral test

Given the infinite series kZ ay, if there is an integrable function f(x) such that
=n

m ax=f(k)fork=n,
m f(x)=0forx=n,

= f(x) is a decreasing function for x 2 n.

then the infinite series k°Z° ay converges if and only if the improper integral j:’f(x) dx converges.
=n

Question

For which values of p does the infinite series kiZol kip converge and for which values of p does it diverge?

(Video)


http://ceadserv1.nku.edu/longa//classes/mat229/highlights/11.4.pdf
https://scholarworks.gvsu.edu/books/10/
https://nku.zoom.us/rec/share/K49ASPEzgAWzcagZXT_jzGnZLsnN0iXzzqzZc5mSgziZIOnRlsJQCeeet7pCiu2f.cKZIPZYrA-zeX8w3
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Integral test error estimate

Partial sum approximations

oo n
If you know kZ ax converges then you can approximate it with its partial sums, ki ay.
=Ny =No

Integral test error estimate
If the integral test implies that kOZO ax converges using the improper integral f;’f(x) dx, then the errorin
=1

using the n partial sum to approximate kZ ay satisfies
=1

(o] n (o]
error < Zak—Zak|= b3 akawf(x)dx
k=1 k=1 k=n+1 n

Questions

= Give an estimate of the error in using the 10™ partial sum of kZ kl—z to approximate it. (Video)
=1

n (o]
® Find a value of n for which you know the finite sum kZ k1—5 will approximate the infinite sum ki k1—5 with
=1 =1

error less than 0.0001. (Video)

Comparison tests generalities

Note

Just as the Integral Test can only be used on sums with nonnegative terms, so too the comparison tests
we consider.

Technically we can say that this must be true only “eventually”: you can always peel off the first few
terms of a series (a finite chunk), and consider the series as a sum of that finite chunk and a new series
(which satisfies the conditions of the integral test, etc.).

What to expect

The comparison tests allow us to compare a new series with those we are already familiar with. If the
comparison is good, then we can transfer what we know about convergence of the old series to the

new one.

Questions

Here are two types of series whose convergence we know. We will compare other series to ones of


https://nku.zoom.us/rec/share/9snPx35giedaRa0u4O5Tda0ulfW9zZMXfj5mMeWxGMlwmUtL9jHR10QMANTuaAlU.yZUkXS_NIrV5tdWb
https://nku.zoom.us/rec/share/7Fg8nrVsYCwWLONiEJ2lCd74BL7tk2Hk_IOAjoultypNWA4n8v9RcFVSFipG7CLQ.vt1Kb8xMJ6Z05utm
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these two types.

m p-series: For which values of p does kogol k% converge and for which does it diverge?

m Geometric series: For which values of r does kZO ar¥ converge and for which does it diverge?

(Video)

Limit comparison test

Questions

Which p-series or geometric series is the given series similar to? Do you think the given series converges
or diverges?

Limit Comparison Test

If limyseo %‘L =L where L is a nonzero number, then %bk converges if and only if % Og.

Idea behind Limit Comparison Test

Given a complicated series, ignore all but the most significant term in the numerator and the significant
term in the denominator where significant is in terms of large values of the index. This may suggest a
new (and simpler) series, with which we can compare the give series.

Questions

Determine which series converge and which diverge.
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https://nku.zoom.us/rec/share/ecisFRZasyTb-1fdt9Rb9ZPh7eL0jR6OhL8NFSyBbEkgHF-B38JeiXIcaNnOeS6x.Asu3WXPI8Gxr_d8W
https://nku.zoom.us/rec/share/xOm8swN--9W_O1qBuVGnCynPUGhpV6BdaXVvn53v_3D6F3wJ9YsSPz85agpM14fN.if1g3VNtTZxkmvJd
https://nku.zoom.us/rec/share/PFL40u1RIuTDocfEV46XQr6zTfLiDoW4Lif1plINOx8mdpYnXyomzXe-42cv3LY.uLzJw8BPL0GHGND_
https://nku.zoom.us/rec/share/cvjy4dQZn95fdC-5OLLpDx7FgOBJw-9Y7R843tk7rphbpKNY4OqdzE51MhhG7huf.j4EFgTk52B2VOJyD
https://nku.zoom.us/rec/share/IJjAJCWHRaI_ZkL_MHYJSVC-Ljvs_3PNQleW7qpveJn8QjDMXw7P5hWTc-vANJQN.dxluVtUSe8O1qzEG
https://nku.zoom.us/rec/share/V2TcqHuAH1AyR1RRdjCXw3_nqAsPcv1kia5Bw33t9w_Vxp5AcTvSiUPbdvqqLVwx.j0thjP_4XiNDdzRb
https://nku.zoom.us/rec/share/TilYD431s3731QM1pUK7PLm7aTLmb14kauyEaVfSNycMquvtvGchHLb7iZlTFHl2.0M3XDB8zfKQgoe_p
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Comparison test (based on inequalities)

The limit comparison test is great for determining if a series converges or not. However, if a series
converges, it does not provide us with a way to determine the error in approximating the infinite series
with a partial sum.

If we can compare a given series to a simpler series with inequalities, that does give us a way to esti-
mate the error.

Questions

m Which is b|gger 2 O =, 4k

= Does Z —converge or diverge?

What do you think is true about Z i 4k

(Video)

Questions

= Whichis blgger L ory L9

= Does 3 1 . converge or diverge?
k=2

What do you think is true about Z kL

(Video)

Comparison test

If you want to know whether %ak converges or not and you find a simpler series %bk whose conver-

gence/divergence you know, then

m IfO<ax<bgand %bk converges, then %ak must converge as well.

m Ifa,2b,20and %bk diverges, then %ak must diverge as well.

Comparison test error estimate

oo oo n oo
If 0 < ax < by, Z b, converges, and error = | 2bk—2 by | = X2 by<lL,then
k k k k=n+1

S s 3 bisl

oo n
| k=n+1 k=n+1

error = |Zak—Zak
k k


https://nku.zoom.us/rec/share/vBD8MNZJsJdTdBC8f-ARl4fDRc1sAPemR9CGFuaWZc8w5r_qrsnkWasM0mPFqjwo.n7epTDmT6TWFFT34
https://nku.zoom.us/rec/share/7PIHS33w6xRe2KahSp_740A9bw0HbshRWv2P145mFtPSWlAFP-OQNGHSW56SMWj8.KXBOJh_Pw_o39WfQ
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Questions
Consider the series ¥ kl7
k=1
m Compare this series to a geometric series to show it converges.

= What s an error estimate in using Z to approximate Z kzk

k2“

(Video)

Questions

Consider the series Z k4+2k

m Compare this series to a p-series to show it converges.

10
m Whatis an error estimate in using %
k=2

to approximate Z

?
k+2 k k4+2k

(Video)

Homework

m |Math problems on the comparison tests.


https://nku.zoom.us/rec/share/V5DaYAhm8607bR4-iPTNBhgyxN4sRoAGRkOAeXdswYnN4F4Y0-T-HqZKLnML4dFP.sxJWxoKY3xBl5lWC
https://nku.zoom.us/rec/share/0wphpmuri1dt2ZR9kXwlwfgVcEdRwwiiSMVOiJudomaFCJlf2Ejv2STSnBwbuziV.VlJWm61mcTL2-yEf

