
Vectors
MAT 229, Spring 2021

Week 15

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook 

sections.

◼ Stewart’s Calculus
Section 12.2: Vectors

◼ Boelkins/Austin/Schlicker’s Active Multivariable Calculus
Section 9.2: Vectors

3D Review

Questions

◼ What is the distance formula for the distance between two points in space, (x0, y0, z0) and (x1, y1, z1)?

◼ Find the distance between (1, 2, 3) and (-4, 4, 2).

(Video)

Questions

Consider the set of points (x, y, z) that are a distance of 2 from the origin (0, 0, 0).

◼ What is an equation that x, y, z must satisfy for (x, y, z) to be in this set?

◼ What is this shape?

◼ Generalize this to find an equation for any of this shape.

(Video)

Questions

Identify the set.

◼ y = -2 (Video)

◼ z > 4 (Video)

http://ceadserv1.nku.edu/longa/classes/mat229/highlights/12.2.pdf
https://activecalculus.org/multi/
https://nku.zoom.us/rec/share/HKp-Rrnvv1d4d94dY_00XGI3RdYUj2dVW3RTsNHa5OSvtcOMQ5BNgrhmGsTxlrLb.seDoY4cEdIujYykM
https://nku.zoom.us/rec/share/kMDO-h4tNLYnXs12bjdb1-zX8_4qPmSRS2diq8fEAw2B30awUd6h6n4wdqtVkHsk.B5udT7-Rx6arRKJh
https://nku.zoom.us/rec/share/XgfcrN0eP93Jll8CinGWCEYSGnIuxBLO5E5rU-Ip3TYMnTzhBinGgtLVU-Pe0Eib.JMavxwsM-GdKjzCu
https://nku.zoom.us/rec/share/QprUbwZfGLr6cz47Rk6MQe8emFvLaC1DLyvY357FJRviNOsUT6NlRUxuq4_UqRaG.DDbQSiWLbn4U1oQI


◼ The equation x2 + y2 + z2 + 2 x - 6 y - 8 z = 0 represents a sphere.

◼ What is its center?

◼ What is its radius?

◼ What does the inequality x2 + y2 + z2 + 2 x - 6 y - 8 z ≤ 0 represent?

(Video)

Vectors

Definition

A vector is an object with direction and magnitude.

Example

◼ While driving at one particular instance my speedometer shows that I’m going 53 mph and my GPS 

shows I’m headed 30° north of east. My velocity vector has magnitude (a speed of 53 mph) and 

direction (30° north of east). This is a 2D vector.

◼ I’m standing at a particular point on a mountaintop. I need to tell a helicopter pilot how to reach me. 
I give her a direction and a distance to fly to reach me. The position vector from the helicopter to me 

has  magnitude (the distance to fly to me) and the direction. This is a 3D vector, representing the 

distance and direction “as the crow flies”.

◼ I need to move my refrigerator. To overcome friction I need to pull with a force of 30 pounds and it 
needs to be away from the back wall in a perpendicular fashion. I need to pull with a force vector 
that has magnitude (30 pounds) and direction (directly away from the wall).

 (source)

Vector graphics

Represent a vector with an arrow whose length is the magnitude of the vector and it points in the 

direction of the vector. It is useful to think of the arrow as having an initial point (x0, y0, z0) and a termi-
nal point (x1, y1, z1) where the arrow starts at the initial point and has the arrowhead at the terminal 
point.
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https://nku.zoom.us/rec/share/SnFq1IG5FDmtEBNIv8gD6KIFmihQZbPOV-UkQOgmi2wpFmz-LOOS4S7Tgxt2sL87.7SkJXbOQAvVZHPZh
https://www.sciencedirect.com/topics/engineering/radius-vector


�������� Graphics3D[{Arrow[{{0, 1, 2}, {2, 1, 3}}]}, Boxed → True, Axes -> True]

��������

Questions

Let (-2, -1) be the initial point of the arrow and (4, 3) be the terminal point of the arrow where the 

arrowhead is.

◼ Draw a rectangle with the vector as one of the diagonals.

◼ What are the dimensions of the rectangle?

◼ What is the length of the arrow?

◼ Find the direction of the vector as an angle with the positive x-direction.

(Video)

Vector notation

Just as we give numbers names, like x = 1, and functions names, like f(x) = x2. We give vectors names.

◼ To easily distinguish vectors from numbers, o�en either a little arrow is drawn over the vector’s 

name as in v
→

 or it is drawn in bold as in v.

◼ The magnitude of a vector is denoted with the same notation used to denote the absolute value of a 

number. The notation v
→
 denotes the magnitude of vector v

→
.

Vector components

The vector components for a vector are the dimensions of the rectangle if the vector is 2D, dimensions 

of the box if the vector is 3D. Each component comes from subtracting the corresponding coordinate of 
the initial point from the same coordinate of the terminal point, (terminal - initial).
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https://nku.zoom.us/rec/share/4EoxF-ZmMcBurwleMKGqTLasBiYDpY5gt7THskGkc4eSPaNqs-q7YRUDD7qHy39o.LalsogGlrDCSftyL


Questions

◼ What are the components of the vector whose initial point (1, 2) and terminal point (3, 1)?

◼ What is the magnitude of this vector?

◼ Find the direction of this vector as an angle with the positive x-axis.

(Vector)

◼ What are the components of the vector whose initial point (4, 2, -3) and terminal point (1, 2, 3)?

◼ What is the magnitude of this vector?

(Video)

More vector notation

A vector is written in component form in two different ways. If vector v has x-component a, y-compo-
nent b, and z-component c:

◼ u
→
= 〈a, b, c〉

◼ u
→
= a i

→
+ b j

→
+ c k

→

source

The vectors i
→

, j
→

, and k
→

 are called unit vectors, because they have unit length. They are also mutu-
ally perpendicular, and so they comprise what is called an orthogonal basis for 3-space. That’s a 

mouthful. They’re orthogonal because they’re mutually perpendicular; they’re a basis because one can 

write any vector in 3-space in terms of them.

For vectors in the plane there are only two components. Furthermore, since there are no z-compo-

nents, only  i
→

and j
→

 appear when writing planar vectors.  The vectors i
→

and j
→

 are an orthogonal 
basis for 2-space. 

Questions

◼ Draw vector 〈1, -2〉 with its initial point at (0, 0).
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https://nku.zoom.us/rec/share/84l2sAAm5UVpsEIS7JlfXEwtmZJk4Sjz_80C2WICehpYf-HS23KHfdN5U7Palg6q.j45g_1PUBmRTai_d
https://nku.zoom.us/rec/share/-NBG20OXkyCGF54jhQKqwfRHMK5fz4Jh18fnIS_9vw6bNgmtgMwKFZxn1SJr2jQb.aikuGhRrFVOD9_XR
https://upload.wikimedia.org/wikipedia/commons/thumb/f/fd/3D_Vector.svg/1200px-3D_Vector.svg.png


◼ Draw vector 2 i
→
+ 3 j

→
 with its initial point at (-1, 1).

(Vector)

Vector arithmetic
Arithmetic is done on vectors only when it has geometric significance.

Scalar multiplication
A scalar is just a single number as opposed to a vector that is multiple information packaged in one 

object. Scalar multiplication:
scalar * vector produces another vector.

Geometric significance

Let v
→

 be a vector and λ be a scalar, the vector λ v
→

 has the following length and magnitude.

◼ Magnitude: λ v
→
 = λ v

→
. In other words the magnitude of the scalar product is the absolute 

value of the scalar times the magnitude of the original vector.

◼ Direction:  the direction of λ v
→

 is parallel to the direction of v
→
.

◼ If λ > 0, the direction of  λ v→ is the same as the direction of  v→.

◼ If λ < 0, the direction of  λ v→ is the exact opposite of the direction of  v→.

Questions

◼ Let λ be the scalar 2 and v
→
= 〈1, 2〉. What should the components of 2 v

→
 be? What should the 

components of (-2) v
→

 be? (Video)

◼ In general, how should λ 〈a, b, c〉 be computed?

◼ Given the three vectors v
→
1 = 〈4, 12, -8〉, v

→
2 = 〈-3, -9, 6〉, v

→
3 = 〈2, 2, -6〉, are any parallel to each 

other? (Video)

 Vector addition

Component form

If u
→
= 〈a, b, c〉 and v

→
= 〈e, f , g〉, then u

→
+ v

→
= 〈a + e, b + f , c + g〉
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https://nku.zoom.us/rec/share/jojy6QlKB9dsPvcW2Y0cfjYacTS7Snwf84QaMx_yFECK9NVy9gynej8Jiy4j3u1v.Ng0mN82f-AiDgmzy
https://nku.zoom.us/rec/share/65218kZbaikIBZjf4OQBki9BIrNxO-S6lZT8dsA6SIAmrPvHsn_TTw8zbD7Yxog.bsA1HYmGvSx0K7gM
https://nku.zoom.us/rec/share/ea4zlHrAROEmvDVa-HmEjTOkwM6yjUZtKC9iJrdox83Mc4SvPS8N1kvybya-qNlS.vpoAnJbOqqrsu57u


Geometric significance

Equivalent forms:

◼ Draw vector u
→
. Place the initial point of vector v

→
 at the terminal point of u

→
. Draw the vector sum with 

its initial point at the initial point of u
→

 and its terminal point at the terminal point of v
→
.

u v

u+v

◼ Draw vectors u
→

 and v
→

 with initial points together. The two vectors form two sides of a parallelogram. 
Complete the parallelogram. Draw the vector sum from the initial points of  u

→
 and v

→
 to the opposing 

vertex of the parallelogram.

u

v

u+v

Questions

Let u
→
= 〈1, 1〉 and v

→
= 〈1, 2〉.

◼ Draw u
→
+ v

→
 as in the first geometric significance.

◼ Draw u
→
+ v

→
 as in the second geometric significance.

(Video)

Questions

Using the same two vectors, what is the geometric significance of u
→
- v

→
? Draw it. (Video)
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https://nku.zoom.us/rec/share/czJ7VP0lpEGH-vYN7IEQoTUiyw-dG0iy_UbkEAvFp1039M5KghQq0iYP385j4fNU.baa_poyTiDbfdkd6
https://nku.zoom.us/rec/share/BpyQaz91pB3fBxHT8ELljmlJPQiwypkhu2JsQ_SIj0yvTBabrpJbwYsrXntfpPC9.tXMQCtbMZlpuGDou


Questions

Consider the triangle with vertices A(a1, a2), B(b1, b2), C(c1, c2).

◼ What is vector AB
→

 in component form? What is vector BC
→

 in component form?

◼ What is the vector sum AB
→

+ BC
→

 in component form?

◼ Geometrically what is the vector sum AB
→

+ BC
→
?

(Video)

Question

Why is it true that the line joining the midpoints of two sides of a triangle must be parallel to the third 

side? (Video)

Question

There are the two component notations for vectors, u
→
= 〈a, b, c〉 and u

→
= a i

→
+ b j

→
+ c k

→
. Expressions 

i
→
, j
→
, k
→

 are vectors themselves. What are they? (Video)

Unit vectors

Definition

A unit vector is a vector with magnitude 1. Its magnitude is fixed, but its direction can be any direction.

Questions

Let u
→
= 〈1, 2〉

◼ Is u
→

 a unit vector?

◼ Find a scalar λ such that λ u
→

 is a unit vector.

◼ Find a general method for taking a vector and finding a unit vector pointing in the same direction.

◼ Does this work for all vectors?

(Video)

Slopes and vectors

Since the slope of a line is 

rise
run  and a vector has components 〈run, rise〉, the slope associated with planar 

vector 〈a, b〉 is m = b
a .
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https://nku.zoom.us/rec/share/Dp2CWOYdY67b7neh0koWOHUyLpjL__YmCeIe_h43oX6g64J4epa2jXG6WwkDBd0x.GpjcgdPCYzJ-xlNs
https://nku.zoom.us/rec/share/4_HsovT5TLIUkgGi-BaIuBM3RtQt4P7ds7cXIDelxY3GJQG69kGKsD68gdHgitpd.9SVEhMfqLPLiD3ml
https://nku.zoom.us/rec/share/qthk1fxhz_ZM0to8yrahscP6l5z0NED51yqZxFepdZYsvOfOJ7F0mT_gVXF4bQd2.adEFixjPxfKkvoJc
https://nku.zoom.us/rec/share/bMefqKByWzzt6ifnm2GpSe47Z4rJNOaHr9RQB4qHYtXGRlLE924yvBiNX_dkDgdN.TJCU52ifnjQ3yQex


Questions

◼ What are the unit vectors parallel to the tangent line to the curve y = 2 sin(x) at the point (π /6, 1)?
(Video)

◼ What are the unit vectors perpendicular to the tangent line to the curve y = 2 sin(x) at x =π /6?
(Video)

Homework
◼ IMath problems on Vectors
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https://nku.zoom.us/rec/share/TTrE0mQc7GeJtUDF40uDn-D-ZXb3Hwq8k8WWpMRMPWcgJcqbT4L3ghWGUGp1pD8o.f4GnjhXaRZaV_n4Z
https://nku.zoom.us/rec/share/aPK_TefiCnF68ytdl1o09r2ZRQmJW1Re-9IvVfOmA4nGNoAhmOfvhLK98AzLa_vK.Nt3sZsQLjrDaEqro

