
Cross Product
MAT 229, Spring 2021

Week 16

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook 

sections.

◼ Stewart’s Calculus
Section 12.4: Cross product

◼ Boelkins/Austin/Schlicker’s Active Multivariable Calculus
Section 9.4: The cross product

Review

Questions

◼ What are the components of the vector that points from location (1, 0, -2) to location (2, 4, 3)?

◼ What is a unit vector that points in that same direction?

(Video)

Questions

◼ What is the geometric significance of scalar multiplication? (Video)

◼ What is the geometric significance of vector addition? (Video)

◼ What is the geometric significance of vector subtraction? (Video)

◼ What is the geometric significance of the dot product? (Video)

Cross product definition
The dot product is a multiplication-like operation between two vectors (two 2D vectors or two 3D 

vectors -- and beyond!) that gives a scalar value.

The cross product is a multiplication-like operation between two 3D that gives a vector value. The cross 

product is only defined for 3D vectors.

http://ceadserv1.nku.edu/longa/classes/mat229/highlights/12.4.pdf
https://activecalculus.org/multi/
https://nku.zoom.us/rec/share/KoMsz3UFwsK0iUEGA4EAetwRToJzwWuxpmgV8OCsArzLs29KvaXLr_J-AsJHiY5B.0hfmWkaYaVrdjQMN
https://nku.zoom.us/rec/share/wv4AmroVSuCVpHMFk1Q4QqohTT7skZ0O1_DDa0_iV6kPegnMOlYfj8wt--sSqVKn.gv0vNGn87z06jK2M
https://nku.zoom.us/rec/share/wNNL5DX0wyr0RtmUVUELRzKBXIAivxecBIA9S__0FGWx221QrGSnUATyc_cHW1S6.IjyikfcL_GgfKql9
https://nku.zoom.us/rec/share/azkirz-Y9jZSf1Z6tyHZiVZcGFNvoGZB3DRrNMUc9fBcjQN8if8HwRpvXYBkZlLJ.1kAGAz9xG42Wf3h0
https://nku.zoom.us/rec/share/FJlvU67spXz4nYfrZRo8xzopch0jb_wZjjnvBcQaGKUCjXZIlQ3silv6dx0YKueE.7eu1kZYNj7lnrkTk


Geometric definition

The cross product of 3D vectors u
→

 and v
→

 is denoted u
→
× v
→
.

◼ The magnitude of u
→
× v
→

  is given by 

u
→
× v
→

= u
→

v
→

sin(θ)                                                               

where θ is the smaller of the two angles between vectors u
→

 and v
→
. 

◼ The direction of u
→
× v
→

 is perpendicular to both u
→

 and v
→
. There are two such directions. Choose the 

one that satisfies the right-hand rule.

Right-hand rule

To determine the direction of u
→
× v
→

 from the two possible directions, using the fingers on your right 
hand

◼ Point your index finger in the direction of u
→
.

◼ Sweep that finger towards the direction of v
→
. Your thumb will point in the correct direction of u

→
× v
→
.

(source)

Magnetic force is a cross product. Torque is a cross product. There are lots of cross products in physics!
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https://slideplayer.com/slide/5918742/


Questions

Let i
→
= 〈1, 0, 0〉, j

→
= 〈0, 1, 0〉, and k

→
= 〈0, 0, 1〉. Use the above geometric definition to determine the 

following cross products.

◼ What is i
→
× j
→
?

◼ What is i
→
× k
→
?

◼ What is j
→
× k
→
?

(Video)

Question

Are u
→
× v
→

 and v
→
×u
→

 the same? (Video)

Component definition

If u
→
= 〈u1, u2, u3〉 and v

→
= 〈v1, v2, v3〉, then

u
→
× v
→
= 〈u2 v3 - u3 v2, u3 v1 - u1 v3, u1 v2 - u2 v1〉.

Notes:

◼ The first component of the cross product consists of the second and third components of the given 

two vectors.

◼ The second component of the cross product consists of the first and third components of the given 

two vectors.

◼ The third component of the cross product consists of the first and second components of the given 

two vectors.
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https://nku.zoom.us/rec/share/bOWPBU1lr6cHXIeRvhMU3JXdSf742FeSiYSAaBy5er6hyzct2MAenLiFQJ0jtqbt.7qqxZqgQlweF54Ul
https://nku.zoom.us/rec/share/SOQBp6lRGouWIEQXA4oqtX2FKIOqscttrX6vkwovGMp00D80Y2XzHzHPJENKaPIW.IwtYNYynBkJsQ702


◼ If we check the permutations of the indices, then 123, 231, and 312 give rise to positive 

contributions, while 321, 213, and 132 give rise to negative contributions. 

Since I hate memorizing stuff like all that above, I just think in terms of components, and the three 

basis vectors of our Cartesian coordinate system:

u→ × v→ = u1 i
→

+ u2 j
→

+ u3 k
→

 × v1 i
→

+ v2 j
→

+ v3 k
→

?

= (u2 v3 - u3 v2) i
→

+ (u3 v1 - u1 v3) j
→

+ (u1 v2 - u2 v1) k
→

Questions

Let i
→
= 〈1, 0, 0〉,   j

→
= 〈0, 1, 0〉,   and k

→
= 〈0, 0, 1〉. Use the above component definition to determine the 

following cross products. (Compare with the results using the geometric definition.)

◼ What is i
→
× j
→
?

◼ What is i
→
× k
→
?

◼ What is j
→
× k
→
?

Question

What is a vector that is perpendicular to both u
→
= 〈2, -1, 3〉 and v

→
= 〈1, 2, 1〉? (Video)

Cross product geometric properties
The magnitude of u

→
× v
→

  is given by

 u
→
× v
→

= u
→

v
→

sin(θ)

 where θ is the smaller of the two angles between vectors u
→

 and v
→
.

◼ If u
→
× v
→
= 0

→
, then its magnitude is 0. One of three things must be true.

◼ u→ = 0
→
, or

◼ v→ = 0
→
, or

◼ sin(θ) = 0 which means θ = 0. The vectors must be parallel, pointing in the same direction or in the exact 
opposite direction.

◼ Place vectors u
→

 and v
→

 so their initial points are the same. They form two of the sides of a 

parallelogram. The area of a parallelogram is height×base.
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https://nku.zoom.us/rec/share/jD4TmsE8QbqaxrCbZYqlKufs1_dkvp7ufV9uaDOdYj7ILS-yRj_I9DBbDyPKSFRi.XL8Ltw2UzzBC6Bty


Base

Height

The area of this parallelogram is
 u→ v→ sin(θ) = u→× v→

(in terms of the lengths of these vectors and the angle θ between them).

Questions

◼ What is the area of the parallelogram formed from vectors u
→
= 〈2, -1, 3〉 and v

→
= 〈1, 2, 1〉?

(Video)

◼ What is the area of the triangle with vertices (0, 1, 0), (2, -1, -1), (-1, 0, 1)? (Video)
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https://nku.zoom.us/rec/share/XuQB9sRlVV3pCmnjuQype9rr54EnSx2BesL2JPQI89KEdZHbmK33dH_zV-08tPF_.Dri7j-9cCCzm0DxQ
https://nku.zoom.us/rec/share/z7bjrk-Z8WYBoRwKw82Dz6yF5YbF180yW8G4oJZ7nfUj3Wq1Cl62tLgpYxL9Ou-B.FbUQTHB9PW19XEnw


Cross product algebraic properties

Question

How are a
→
×b
→

 and b
→
×a
→

 related? (The cross-product is non-commutative!)

Other properties

1. s a
→
×b

→
= sa

→
×b
→
 = a

→
×s b

→
      (where s is a scalar)

2. a
→
×b

→
+ c

→
 = a

→
×b
→
+ a

→
× c
→

3. a
→
·b

→
× c
→
 = a

→
×b
→
 · c

→

Questions

◼ Show property 2 is true by computing each side using

a
→
= 〈a1, a2, a3〉, b

→
= 〈b1, b2, b3〉,  c

→
= 〈c1, c2, c3〉

(Video)

◼ Show that the cross-product is non-associative: that is, in general 

a
→
×b

→
× c
→
 ≠ a

→
×b
→
× c

→
.

(Video)

◼ What is k
→
× i

→
+ 2 j

→
?

(Video)

◼ What is  a
→
×b
→
= a1 i

→

+ a2 j
→

+ a3 k
→

 × b1 i
→

+ b2 j
→

+ b3 k
→

?

(Video)

Homework
◼ IMath problems on cross products.
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https://nku.zoom.us/rec/share/xPOOa1LcdjmhXmbGZ0pDjOgcb8FhRq-DhemgXps7MZLy5GFy-vYvnzD7wRFYrRzU.Yj-c7pB_iULvokGq
https://nku.zoom.us/rec/share/K9Z_Zcsdphua6xlaCn1tRIVsgFF-c4Mbex7OHtqJN3YVMWoioA4RWXKOJ_dcIw97.aFTh9vEGrzCg6n2b
https://nku.zoom.us/rec/share/K2Eq5wU3gPtuynw87LKlNG0UqDAFrGeOwLoXOZVQTkDn0QS72H23-IZOaeuJ4kio.ogNIW8xY6RslA0Ly
https://nku.zoom.us/rec/share/hoDuDULuvbvAGZilLKgxTobxgFLFq63eezca_QEEDQw5qen42IdedSxk-ihdy0AI.M8lmCDi1jy-Qf1Yh

