Indeterminate Forms

Supporting materials

If you wish to get a different perspective on the notes below try either of the following textbook
sections.

m Stewart’s Calculus
Section 6.8: Indeterminate Forms and L' Hopital's Rule

m Boelkins/Austin/Schlicker’s Active Calculus
Section 2.8: Using Derivatives to Evaluate Limits

Review

Trigonometric functions, and their inverses:

y =tan(x)

Questions

= What is the domain and range of sin™(x)? Of tan™(x)? Of cos™}(x)?
= When is an “identity” an identity?

= What is tan(tan~1(0.3))? What is tan~!(tan(rt/4 + 2 11))?

= What is cos™!(cos(71/5))? What is cos™(cos(-71/5))?

= What is sin(cos™1(1/2)) ?

Right triangles

To find tan(sin~1(0.4)) , let 6 =sin~%(0.4) so that 0.4 = sin(6). Represent sin(H) in a right triangle.

Using this triangle, tan(sin~1(0.4)) = tan() = —2— = —22—=0.436.
sing this triangle, tan(sin™(0.4)) = tan(6) — " Towr

Questions

Use a right triangle to find a formula for sec(tan™}(x)).


http://ceadserv1.nku.edu/longa/classes/mat229/highlights/6.8.pdf
https://scholarworks.gvsu.edu/books/10/
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Indeterminate forms

End behavior of functions requires that we deal with limits. An “end” may occur where x - t oo, or it
may occur internally -- for instance, where there is a vertical asymptote.

Questions

2X+17

m Whatis lim,q PRl

4x+l 4

m Whatis limyso ]

= What is lim,0 27
® Whatis lim,g 5X_x?
® Whatis lim,.e g?

= What is lim,., 2

® Whatis limy,—o :—i?

= What s liM,e =2
Given a limit lim,-q f(x), if we can simply evaluate f(a) as the limit we say lim,—q f(x) is determinate. If

we cannot simply evaluate f(x) at x = a, we say the limit is indeterminate -- it may or may not exist.
Perhaps some algebra will help!

Indeterminate limits

L] %, a small number divided by a small number -- hmm, could be anything. More work is needed.

= =, alarge number divided by a large number could be anything. More work is needed.

The most important indeterminate form in calculus is undoubtedly the limit definition of the deriva-
tive, in either of its forms:

f,(a) - l|mh_)0 f§a+h!—f!a)

h
or
, T f(x)-f(a)
f'(a) = limysg P

In the limit as h—0, the numerator goes to 0 and the denominator goes to 0; similarly as x—a in the
second form of the limit definition.

L’Hopital’s rule

If you have a limit of a quotient which is either a % oran = limit, then the following is true if the limit
(and the derivatives) exists:

liMysq gj(% =limysq gi(%



6.8_indeterminate.nb | 3

Warning: If the limit is not % or =, the above two limits are not equal.

Example

To evaluate limy,e ﬁ, first notice that plugging in oo for x produces ;% = >. We can use L’Hopital’s rule:

. X . x)' . 1
l|mx_)°° G_X = l|mX_)°° ({3_)())_' = l|mX_)°° e_" =0

Questions

Evaluate the following limits.

B liMyse ﬁ(Video)

m limyseo M(Video)

X241

. 2_ .
® lim,; ’ﬁ (Video)

® lim,sso 1'%(ﬁ(Video)

Why it works

For the % case, this means f(a) = 0 and g(a) = 0. Remember the limit definition of the derivative
f'(a) = lim,o,q 101

X=a
g!X!—g!(H

g'(a)=limeug =5,

Since f(a) =0=g(a)

. ) s f(x)-f(a)
liMisa gy = lIMesa g Zgia)
fx)-f(a
=limysg _x_a_ﬂx \-a@
_ fa)
~ g(a)
Questions

Can we use L’Hépital’s rule on limy- Z;—_ll? Compare the actual value of this limit with the limit that

comes from L’Hopital’s rule. (Video)

Other indeterminate forms

There are other indeterminate forms. Sometimes we can use L’Hopital’s rule to evaluate them if we can
rewrite into either the % or =form.

Other forms

B oo — oo OF a large number minus a large number.


https://nku.zoom.us/rec/share/8KjD5zEZ1xZuVI0GSP1kJXFaRAUjFzgj8FGxpOws87pHazIFQ_NEZjYqsXCax3NW.aNmz8CoSOVuuVwS-
https://nku.zoom.us/rec/share/lM0szjsJklvmNRpPfnEzfqquGlW3_2doT7lX5s3YYCDMy8AackV_z7r_eAiKqkPr.Dwu2oHCh5N0JJ1JY
https://nku.zoom.us/rec/share/Ei7p1OK278F_u_39fW28IR-Z9bCnYvfwub-_G0MD2TX8BDqA4-vI63mZ1YHWo_zp.IU9TROpyeoQ7eYon
https://nku.zoom.us/rec/share/HWAvpRTiJ4CWd9AvkzQ_zGH80ZGMrBkrvmfYZY36SeFcoH5bLOe55HzA3zCkzSPB.ckqilVyoJlzpHbib
https://nku.zoom.us/rec/share/LRTBvhy7zdwRuGL-gQBBC0DRaZVFf-vJFoseY3_TqmgVdIrIhBKJCMhMkTkHk3vC.Z4LghZZnsDsEICDR
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m 0-oc0 Or a number close to zero times a large number.

m Indeterminate powers
= 0° or a small number raised to another small number.
® o or a large number raised to a small number.

= 1= or a number close to 1 raised to a large power.

Difference example

Evaluate limyse (IN(2 X + 1) = In(3x = 5)).
Use log properties to rewrite as a fraction.

liMyso (IN(2X + 1) = IN(3Xx = 5))
2x+1)
3x-5

= In(liMyooo gf:;) —— (What allows us to do this?)

= liMyos0 In(

=?

(Video)

Product example

Evaluate limy_.x(7T/2 - tan™(x)).

Rewrite one of the factors as a fraction, factor =

_tan-1
(r2—tan~(x)) -2

1/x

1/factor*
liMyoeo X(7T/2 = tan™1(x)) = liMyse0
(Video)

Questions

B liMyseX sin(%) (Video)

m [imyso+ X In(x) (Video)

Power example

Alimit that comes from finance is
liMyse (1 + )L()X
Change the exponential expression to base e and take the limit of the exponent.

liMyseo (1 + )L()X = liMyse0 en((1+)) = My s eIn(1+7)

= elimx_m,xln(1+r/x) =2

Questions

Consider the function g (x) = (x + €)X, Itis defined on (0, ).


https://nku.zoom.us/rec/share/__E1O32lchto3gTwoQKKi2fpN77qOdkAqUG3Pf6hgryrUJws43axg8-foFOyP4y3.81v-9FASUUD_0Ydw
https://nku.zoom.us/rec/share/2I8bkaaqYQvudTbrgIoaqPv8kbFQvmYNbunk6Rw_l2varun3MXOslJ9GV7OTLwTg.q7ZTc7SFs-b9KVHw
https://nku.zoom.us/rec/share/FZfVvaSrNhRZ6kohAkWkRMJENrgpkSmtd9dThwt8nu3yxppAxbWWE4NP1uOFpKVz.2u5p3iIXVG_kqf10
https://nku.zoom.us/rec/share/PvjPGqQp1l9WXumC58m5SS1I2XtcqTsLRW96x5CsLPeUI_Fjt-RmU71jiOydew9T.KgVA-fV7DH3z90GP
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m What is limyo+g(x)?

m What is limy,e g(x)?

Homework

= [Math problems on indeterminate forms.
m Weekly Assignment #2 is also due.

= First exam is coming up. You’ve got a lot of IMath sets due this week. | hope that those are going fine.
You can use late passes, if you must.


https://imath.nku.edu/course/course.php?cid=443

