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A decision tree argument can also be used to establish a lower bound on the
worst-case number of comparisons required to sort a list of n elements. As we did
for the search problem, let us see what we can say about a decision tree for sort-
ing based on comparisons, regardless of the algorithm it represents. The leaves of
such a tree represent the final outcomes, that is, the various ordered arrangements
of the n items. There are n! such arrangements, so if p is &umber of leaves in
the decision tree, then p = n!. The worst case will equal the depth of the tree. But
it is also true that if the tree has depth d, then p = 27 (Exefcise 43 of Section 6.2).
Taking the base 2 logarithm of both sides of this inequality, we get log p = d or,
because d is an integer, d = [log p|. Finally, weyn

This result proves the following theor:
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EXERCISES 6.3

1. Draw the decision tree for sequential search on a list of three elements.

2. Draw the decision tree for sequential search on a list of six elements.

3. Draw the decision tree for binary search on a sorted list of seven elements. What is the depth of the tree?
4. Draw the decision tree for binary search on a sorted list of four elements. What is the depth of the tree?
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5. Consider a search algorithm that compares an item with the last element in a list, then the first element,
then the next-to-last element, then the second element, and so on. Draw the decision tree for searching a
six-element sorted list. What is the depth of the tree? Does it appear that this is an optimal algorithm in the
worst case?

6. Consider a search algorithm that compares an item with an element one-third of the way through the list;
based on that comparison, it then searches either the first one-third or the second two-thirds of the list.
Draw the decision tree for searching a nine-element sorted list. What is the depth of the tree? Does it ap-
pear that this is an optimal algorithm in the worst case?

7. a. Given the data ‘ Y

9,5,6,2,4,7 /
construct the binary search tree. What is the depth of the tree” ™

b. Find the average number of comparisons done to an item that is known to be in the list
using binary tree search on the tree of part (a). (Hins: Bind the number of comparisons for each of the

items.)
8. a. Given the data
g d,r,sib, g, c,m
construct the binary search tree. What depth of the tree?

b. Find the average number of com, ons done to search for an item that is known to be in the list
using binary tree search on the part (a). (Hint: Find the number of comparisons for each of the
items.)

9. a. Fora set of six data ite hat i§ the minimum worst-case number of comp#isiSons a search algorithm

must perform? , _
b. Given the set of dal‘lcm {a,d g i,k s}, find an order in which to enter the data so that the corre-
sponding bin rch tree has the minimum depth.
10. a. Forasetof nmtems. what is the minimum worst-case nuffiber of comparisons a search algorithm
must perform?
b. Give t of data items {4, 7, 8, 10, 12, 15, 18, 19, 21} find an order in which to enter the data so
thatghe corresponding binary search tree has the minimum depth.
11. An inorder tree traversal of a binary search tree produces a listing of the tree nodes in alphabetical or
rical order. Construct a binary search tree for ““To be or not to be, that is the question,” and then do
ﬁxﬂa traversal.
Construct a binary search tree for “In the high and far-off times the Elephant, O Best Beloved, had no
trunk,” and then do an inorder traversal. (See Exercise 11.)

13. Use the theorem on the lower bound for sorting to find lower bounds on the number of comparisons
required in the worst case to sort lists of the following sizes:

a4 b. 8 c.16

14. Contrast the number of comparisons required for selection sort and merge sort in the worst case with the
lower bounds found in Exercise 13 (see Exercise 23 in Section 3.3). What are your conclusions?

Exercises 15-20 concern the problem of identifying a counterfeit coin (one that is two heavy or too light) from
a set of n coins. A balance scale is used to weigh a group of any number of coins from the set against a like
number of coins from the set. The outcome of such a comparison is that group A weighs less than, the same as,
or more than group B. A decision tree representing the sequence of comparisons done will thus be a ternary tree,
where an internal node can have three children.
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15. One of five coins is counterfeit and is lighter than the other four. The problem is to identify the counterfeit coin.
a. What is the number of final outcomes (the number of leaves in the decision tree)?
b. Find a lower bound on the number of comparisons required to solve this problem in the worst case.
¢. Devise an algorithm that meets this lower bound (draw its decision tree). ‘I
16. One of five coins is counterfeit and is either too heavy or too light. The pr to identify the counter-
feit coin and determine whether it is heavy or light.
a. What is the number of final outcomes (the number of leaves in @ﬁon tree)?
b. Find a lower bound on the number of comparisons required to solve this problem in the worst case.
c¢. Devise an algorithm that meets this lower bound (draw i tree).
17. One of four coins is counterfeit and is either too heavy or too light. The problem is to identify the counter-
feit coin but not to determine whether it is heavy or li ‘
a. What is the number of final outcomes (the nul@eaves in the decision tree)?
b. Find a lower bound on the number of compari required to solve this problem in the worst case.
¢. Devise an algorithm that meets this lo bound (draw its decision tree).

18. One of four coins is counterfeit and i r too heavy or too light. The problem is to identify the counter-
feit coin and determine whether it i vy or light.
a. What is the number of es (the number of leaves in the decision tree)?

b. Find a lower bound on thé number of comparisons required to solve this probleém in the worst case.

c¢. Prove that no algor& that can meet this lower bound. (Hinr: The first comparison can be made
with either two coins or four coins. Consider each case.)

19. Devise an algor* Solve the problem of Exercise 18 using three comparisons in the worst case.

20. One of eight coins is counterfeit and is either too heavy or too ligh@'l'he problem is to identify the counter-
feit coin etermine whether it is heavy or light.

a. What is the number of final outcomes (the number of lﬁ;s in the decision tree)?
b. Find a lower bound on the number of comparisons required to solve this problem in the worst case.
vise an algorithm that meets this lower bound{draw its decision tree).

. In the decision tree for the binary search algorithm (and the binary tree search algorithm), we have counted
each internal node as one comparison. F% example, the top of Figure 6.53 looks like this:

x:L[4)

To get to either of the child nodes of the root, we have assumed that one comparison has been done.
However, the outcome of the comparison at each internal node is really a three-way branch:

x = node element
x < node element
x > node element

Think about how this three-way branch would be implemented in most programming languages, and write
a more accurate expression than 1 + [logn| for the number of comparisons in the worst case.






