derlvatlves we know and Ilst the derlvat|ves Then wr|te a comp05|te functlon
with the inner function being an unknown function u(z) and the outer function
being a basic function. Finally, write the chain rule for the composite function.
The following example illustrates this for two different functions.

Example 2.5.8. To determine

d . .
— [sin(u(2))], ok

where w is a differentiable function of z, we use the chain rule with the sine " <l
function as the outer function. Applying the chain rule, we find that ' g

d
—— [sin(u(z))] = cos(u(z)) - v'(z).
dz
This rule is analogous to the basic derivative rule that & [sin(z)] = cos(z). /1/-|= €

Similarly, since f;[a-’”] = a”In(a), it follows by the chain rule that i -

d u(z u f k)= \ : N7
ol ©)] = a*@1n(a) - u'(x). | |

This rule is analogous to the basic derivative rule that & [a*] = a®In(a). = s )

2.5.4 Summary

* A composite function is one where the input variable z first passes through
one function, and then the resulting output passes through another. For
example, the function h(z) = 2%2() is composite since ;
x> sin(z)> 2800 /

|

* Given a composite function C(z) = f(g(z)) where f and g are f
differentiable functions, the chain rule tells us that 'i‘L
_/_/X) n <) ? (,\() TN oud

C'(z) = f'(g9(z))d (z). /
2.5.5 Exercises {’ () =

e ) T 2’ = 4
1. Mixing rules: chain, product, sum. LZC )= #

Activate| Ifse ) = ( 5 -/—<7*> :
Find the derivative of CZ ( ) %
f(w) _ esm(m2 + 72) | | = /Zx '{(‘/ //\ "}' 7
ro -0 v ity 5 T ¥l

(?-l—/r\(‘f\,\ ¥x\/ _ gegx(xa_’_ ?,) 6%}{@){ £ /‘/1 {?) ¥>f>
2. Mixing rules: chain and product. ﬂ@gf (’5_2(' W ) _} + % +la /;) 3[ )

{\



‘.“-“'““- . . ul") l (A(;‘()
Find the derivative of Ortners | role ! {6 Z Wl
v(t) = t¥e { ﬂuc{"‘d’\t" 3} Z«k L -t
h (7 pt) =€ 4l) (e“ ) —¢) €
Assume that c is a constant. ’ (¢
-L{‘ ¢ ( "é#§> B i )
v=(6t) e+ £ e = bt
- i
=(t7e (6 - ¢ ﬁrj [
3. Using the chai repeatedly.
'Activate| ,
Find the derivative of See belor)
y=+ve*+9 //
dy _
at
4. Derivative involving arbitrary constants a and b. ; hxt12 —bxtl2
plera. gl = (hrrre = e
Find the deri\a/{ative fo
ro A ".L?( /2, "_L);C ‘/-l?.>
fo) mgmetet, = ol ¢t ax(the ,
p () ) i A
Assume that a and b are constants. = &£ bx ( [ — a .Z) '><>
f'(z) =
5. Chain rule with graphs. / L
— (F) = 2 -
#3 Yy = ST ({aﬂ )
. -
.1 - (
; St
F 2) skl . - 5%
i 5¢)".
.,2/6{‘5& < $>}/ S ( "('Lf 7*/%Lf”“/ e
( p __;‘.é ) ‘r"‘u' 0\ Lo A \
) ,S‘t”k? ( _v._é".vi_\c—s{‘
_ g_.é k\\ L / . —
( (t/ % ) - 't'
,,t_j/f T/0€ €

5t gt




o
Use the graph below to find exact values of the indicated derivatives, or

state that they do not exist. If a derivative does not exist, enter dne in the
answer blank. The graph of f(z) is black and has a sharp corner at z = 2.
The graph of g(z) is blue.

O
. VV\”/?’
e ’F
i
/i/‘{
1 v/\// s
i3 i 1 3 i
Let h(z) = f(g(=)). Find
A kW =_+ (40) -5'0)
rd T
8. W)= _£(40)) 5'» = £(%)

C.

- £t (H) =2/"v>: %

(7

RE3) = £ (ﬁ(3>> 47(?)

- £0%) X

(Enter dne for any derivative that does not exist.)

6. Chain rule with function values.
|Activate
Given F(4) = 1, F'(4) = 5,F(5) = 4, F'(5)
G(1) =3, G’(l) = 4,G(4) = 5,G'(4) = 6, find each of the following. (Enter
dne for any derivative that cannot be computed from this information

alone.)

A.

B.

C
D.

H(4)if H(z) =
H'(4)if H(z) =
H(4)if H(z)

H'(4) if H(z) =

H'(4) if H(=)

F(C(@)) H’*)ZF/W)
F'(6(4)) - ¢'4)

= 6 and

il

0 =2(%4)=

F(G(w)) H ()

)#M

%Y =

- F(s) =H]

= Fi(s)- 6 =66

Gt - G01) -3

- J3¢]

) _H4) = G(F))- Fly) = 6'(1)-§ = 4.57=[T0]

L) _

— Fa)/e(e) _H (1) = EWF'(4) ~ 1D

Gt)

S5 =61
5

|
28




ooz pom e e g = o e () 22 g (k)2 Cos () STl

Activate| prodact

Find the derivative of f(z) = 2z 6x) & Pl /&x) & Q
(m) / Ix )Sln(ﬁ (m?‘) ( 5
f’(:l:) 2 5'?\ ((’fX) —  2Zx ¢ (o Co)(éx = é Ca)(é){)

=2 (snlex) + éxcos (é><5>
8. Consider the basic functions f(z) = z® and g(z) = sin(z).
/)( > ' /()c)-—CCJS X)
a. Let h(z) = f(g(z)). Find the exact mstanta?\eous rate of change of h at

the point where z = I. //\(X) _ /(9(x)> ‘9 ) > ,_f (77; )) ﬁl/n-/(’>
b. Which function is changing most rapidly at ¢ = 0.25: h(z) = f(g(a:)) :4[ (g) ‘ \F}L
r(e) = g(f(@)Why? Lo . Fe
c. Leth(z)= f(g(z)) andr(z) = g(f(a:)) Which oftpesefunctlons has a .3 Z) - E
derivative that is periodic? Why? W‘” > . I ‘S/L{ Z
9. Let u(z) be a differentiable function. For each of the foIIowing functions,
determine the de{_dyatlve Each response will involve u and/or v'.
g # n(x
a. p(z) = plx) s w6 e )
b. q(z) = %(/x): uf(a*)~(e*)/=’bﬁ(€*>rﬁx
c. r(xz) = cot(u / v i(x)= _—(sc,LQQQ(y» i, (%)
d. s(z) =u(cot(z)) < (x) = wn (co-é () a(—uw))
e. a(w)zu(m% o ) B (X ) e (% ) = ((x) ‘/)(
f.ob(@) = ut@) | = («e)) L) = Ynea)® - u'lx)

10. Let functions p and g be the piecewise linear functions given by their

queStlonS ?é l 1\ (K-) = 3 (S,A()z))l—: €o)d /X)

41 (#0969
€05 (x¥) - 3%
R(as) % 138
i) F 87

(4]

()

Pe.. hbe) =

(6m(s<)>3
/’v{/": s ol 1 C/;

V)

SKA&B) (<
not

¢




Homework (Section 2.5): Chain Rule
Andy Long, Spring 2024

In[3225]:=

Out[3229]=

Out[3230]=

In[3231]:=

Out[3231]=

Out[3233]=

Out[3234]=

Out[3235]=

8. Consider the basic functions f(z) = z3 and g(z) = sin(z).

a. Let h(z) = f(g(x)). Find the exact instantaneous rate of change of h at

: Y
the point where z = 7.

b. Which function is changing most rapidly at z = 0.25: h(z) = f(g(z)) or
r(z) = g(f(x))? Why?

c. Leth(z) = f(g(z)) and r(z) = g(f(x)). Which of these functions has a
derivative that is periodic? Why?

a.

Clear[x]

fx_] :=x"3
g[x_] :=Sin[x]
hix_] := flg[x]]
h'[x]

h'[Pi /4]

3Cos[x] Sin[x]?

242

b.

h'[x]

rix_1 :=g[f[x]]
r'[x]

h'[.25]

r'[.25]

3Cos[x] Sin[x]?

3 x? Cos[x?]
0.177917664627618

0.187477112282064

c. h’(x) is periodic....



2 | HW2.5.nb

na2ss= Plot[{h'[x], r'[x]}, {X, O, Pi}, PlotLabels - Automatic]
[N
[ r'(x)
al

2

out3zsgl= [ /—\

bbb h(y

o[

11. If a spherical tank of radius 4 feet has h feet of water present in the tank,
then the volume of water in the tank is given by the formula

V= §h2(12 —h).

a. At what instantaneous rate is the volume of water in the tank changing
with respect to the height of the water at the instant h = 1? What are the
units on this quantity?

b. Now suppose that the height of water in the tank is being regulated by an
inflow and outflow (e.g., a faucet and a drain) so that the height of the
water at time ¢ is given by the rule h(t) = sin(nt) + 1, where t is
measured in hours (and h is still measured in feet). At what rate is the
height of the water changing with respect to time at the instant ¢t = 2?

c. Continuing under the assumptions in (b), at what instantaneous rate is
the volume of water in the tank changing with respect to time at the
instantt = 2?

d. What are the main differences between the rates found in (a) and (c)?
Include a discussion of the relevant units.

a.

nz214:= V[h_] ¢=Pi/3h*2 (12 -h)
Plot[V[h], {h, ©, 8}, AxesLabel » {"height", "Volume (cubic feet)'"}]
V'[h]
V'[1.0]
(* with units feet-squared (volume divided by length) x)

b.
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na221)= h[t_] ¢= Sin[Pi t] +1
Plot[h[t], {t, ©, 3}, AxesLabel » {"time (hours)", "height (feet)'"}]
h'[t]
h'[2.0]
C.

V'[h[t]] <~h'[t]

Plot[V[h[t]], {t, ©, 3}, AxesLabel » {"time (hours)", "Volume (cubic feet)"}]
V'[h[2.0]] ~h'[2.0]

d. The rate in part (a) is the rate of change of Volume with respect to height... (ft)*3/ft = ft*2; when we
have the height as a function of time, we can ask what is the rate of change of Volume with respect to
time.... (ft)A3/hour



