Directions: You may use your (hand-written) notes, and a graphing calculator (or the equivalent). Each
problem is equally weighted. Do your best, and good luck!

Preliminaries

You'll be working with the function f(x) = z(z — 1)e”. Below are given the first several derivatives,
along with some root information, and a graph of the function:

f(z) =¢€" (z(z - 1))
f@)=e (2 +z-1)
f"(z) = ¢* (a? + 3x)
fO(z) = e* (2? + 52 + 3)
fO(2) =e (2 + T + 8)

The roots of f®(z) are 7, ~ —6.8 and ry = —2.2.

- ’f Y 4
Fiz)=e EUHA

FIO)=p(1+718) = 1€

—



Problem 1: Lagrange Polynomials for f(z) = z(z — 1)e*
a. Using Lagrange form, write the equation of the cubic L(z) to the function at the four points given
at abscissa ¢ € {—2,—1,0,1}. You do not need to simplify coefficients. Use exact arithmetic.

A graph of L(z) against f(z) is below:
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b. Use an error formula to bound the error of the interpolating polynomial as tightly as you can over
the entire inverval [-2,1]. If it helps, you may use this graph of (z — zo)(z — z1)(z — z2)(z — x3):
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Problem 2: Newton Polynomials for f(z) = z(z — 1)e*

Suppose that we want to use a succession of polynomials of increasing degree to approximate the
function at x = —0.5. Use the Newton form of the interpolating polynomial and the same four points as

above to create interpolators of each degree up to cubic.

a. For your divided difference table (you should be creating a divided difference table. right?), let’s

choose the points in this order. (What do you think of the choice?) Use exact arithmetic!
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b. Write the equation of your Newton polynomial Ns(zx).

form for computation?

Can you also write it in the most eflicient
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¢. Sketch the constant. linear, and quadratic functions you used into the graph on the first page. 3\' “

d. Write their equations in this table, and compute their estimates for f(—0.5) and the absolute error

(f(—0.5) =~ 0.454898).
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e. Can you explain the pattern (or lack thereofo) in the absolute errors?
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Problem 3: Numerical Calculus: Derive an approximation formula for the first derivative over the
stencil

) 2o+ h xo+ 2h
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following these steps:

a. Calculate Ny(z). the Newton form of the interpolating polynomial passing through the points
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c. Substitute xy + %h for x, xg + h for x. and zq + 2h for x5 in your formula from (b) and simplify.
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d. Estimate f’(—0.5) using this scheme. for f(z) = z(x — 1)e”
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‘oblem 4: Undetermined Coefficients In Problem 3, we found a formula for the first derivative
sased on three points. In other words, we found three coefficients for the three points that give a good
general formula for the derivative of f(xg + %h). Let’s find it in a different way: by making the formula
exact for polynomials of degree two or less.

We seck coefficients a, b, and ¢ such that
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f'($0+§h) ~ af(xo) + bf(wo + h) + cf (zo + 2h) Aoy i
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is exact for constant, linear. and quadratic polynomials. Use the usual base polynomials: p ui
po(z) =1 () =z—-m pa() = (x — 20)*

a. First equation: make it exact for constant polynomials (when f(z) = py(x)):
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b. Second equation: make it exact for linear polynomials (when f(z) = py(z)):
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d. You have three equations for the three unknowns a, b, and ¢: use back-substitution to find them. 5 b l’)
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e. What's your formula? (Hopefully you got the same thing! If not, which do you trust more?)
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