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There are two types of graphs in mathematics. At school we
draw curves which show the relationship between variables
x and y. In the other more recent sort, dots are joined up
by wiggly lines.

Konigsberg is a city in East Prussia famous for the seven bridges which cross
the River Pregel. Home to the illustrious philosopher Immanuel Kant, the city
and its bridges are also linked with the famous mathematician Leonhard Euler.
A
In the 18th century a curious question was posed: was it
possible to set off and walk around Konigsberg crossing each
bridge exactly once? The walk does not require us to finish
where we started — only that we cross each bridge once.

In 1735, Euler presented his solution to the Russian
Academy, a solution which is now seen as the beginning
of modern graph theory. In our semi-abstract diagram, the
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island in the middle of the river is labelled I and the banks
of the river by A, B and C. Can you plan a walk for a Sunday

B

afternoon that crosses each bridge just once? Pick up a pencil and try it. The
key step is to peel away the semi-abstractness and progress to complete
abstraction. In so doing a graph of points and lines is obtained. The land is
represented by ‘points’ and the bridges joining them are represented by
Jines’. We don’t care that the lines are not straight or that they differ
in length. These things are unimportant. It is only the
connections that matter.

Euler made an observation about a successful walk. Apart
from the beginning and the end of the walk, every time a
bridge is crossed onto a piece of land it must be possible
to leave it on a bridge not previously walked over.

Euler solves the problem of the Carl Schorlemmer links
bridges of Kénigsberg chemistry with ‘trees’
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Translating this thought into the abstract picture, we may say that lines
meeting at a point must occur in pairs. Apart from two points representing the
start and finish of the walk, the bridges can be traversed if and only if each
point has an even number of lines incident on it.

The number of lines meeting at a point is called the ‘degree’ of the point.

Degree =5

Euler’s theorem states that

The bridges of a town or city may be traversed exactly once if,
apart from at most two, all points have even degree. A

Looking at the graph representing Konigsberg, every point is

of odd degree. This means that a walk crossing each bridge

only once is not possible in Konigsberg. If the bridge setup

were changed then such a walk may become possible. If an c
extra bridge were built between the island I and C the

degrees at [ and C would both be even. This means we

could begin a walk on A and end on B having walked over

every bridge exactly once. If yet another bridge were built, this
time between A and B (shown right), we could start anywhere
and finish at the same place because every point would have even
degree in this case.

The hand-shaking theorem If we were asked to draw a graph that
contained three points of odd degree, we would have a problem. Try it. It
cannot be done because

In any graph the number of points with odd degree must be an even number.

This is the hand-shaking theorem — the first theorem of graph theory. In any
graph every line has a beginning and an end, or in other words it takes two
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people to shake hands. If we add up the degrees of every point for the whole
graph we must get an even number, say N. Next we say there are x points with
odd degree and y points with even degree. Adding all the degrees of the odd
points together we'll have N_and adding all the degrees of the even points will
give us N, which is even. So we have N_+N_ =N, and therefore N_= N —
N. It follows that N_is even. But x u:seYIf cannot be odd because the
* addition of an odd number of odd degrees would be an odd

number. So it follows that x must be even.

Non-planar graphs The utilities problem is an

old puzzle. Imagine three houses and three utilities — gas,
electricity and water. We have to connect each of the houses
to each of the utilities, but there’s a catch — the connections
must not Ccross.

In fact this cannot be done — but you might try it out on your
unsuspecting friends. The graph described by connecting
three points to another three points in all possible ways
(with only nine lines) cannot be drawn in the plane without
crossings. Such a graph is called non-planar. This utilities

graph, along with the graph made by all lines connecting five

points, has a special place in graph theory. In 1930, the Polish

mathematician Kazimierz Kuratowski proved the startling theorem that a

graph is planar if and only if it does not contain either one of these two as a

subgraph, a smaller graph contained within the main one.

Trees A ‘tree’ is a particular kind of graph, very different from the utitlities
graph or the Kénigsberg graph. In the Kénigsberg bridge problem there were
opportunities for starting at a point and returning to it via a different route.
Such a route from a point and back to itself is called a cycle. A tree is a graph
which has no cycles.

Root



A familiar example of a tree graph is the way directories are arranged in
computers. They are arranged in a hierarchy with a root directory and
subdirectories leading off it. Because there are no cycles there is no way to
cross from one branch other than through the root directory — a familiar
manoeuvre for computer users.

Counting trees How many different trees can be made from a specific
number of points? The problem of counting trees was tackled by the 19th-
century English mathematician Arthur Cayley. For example, there are exactly
three different tree types with five points:

+ 4

Cayley was able to count the number of different tree types for small numbers
of points. He was able to go as far as trees with fewer than 14 points before the
sheer computational complexity was too much for a man without a computer.
Since then the calculations have advanced as far as trees with as many as 22
points. There are millions of possible types for these.

Even in its own time, Cayley’s research had practical applications. Counting
trees is relevant in chemistry, where the distinctiveness of some compounds
depends on the way atoms are arranged in their molecules. Compounds with
the same number of atoms but with different arrangements have different
chemical properties. Using his analysis it was possible to predict the existence
of chemicals ‘at the tip of his pen’ that were subsequently found in the
laboratory.
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