
Section Summary 6.2: exponential functions and their deriva-
tives

(a) Definitions

• exponential function: a function of the form

f(x) = ax

where a > 0 is constant.

This is easy to understand when x is an integer, and makes a certain
amount of sense for rational values of x (e.g. a2/3 is the cube root of the
square of a). For real values of x, we can think of ax as

ax = lim
r→x

ar (r rational)

• laws of exponents: (see the first theorem below)

• e: the number such that

lim
h→0

eh − 1

h
= 1

e is one of the two most important irrational numbers (along with π). An
irrational number has a non-repeating decimal representation.

(b) Theorems

• If a > 0 and a 6= 1, then f(x) = ax is a continuous function with domain ℜ

and range (0,∞). In particular, ax > 0 for all x. If 0 < a < 1, f(x) = ax

is a decreasing function; if a > 1, f is an increasing function. If a, b > 0
and x, y ∈ ℜ, then

i. ax+y = axay

ii. ax−y = ax

ay

iii. (ax)y = axy

iv. (ab)x = axbx

These are the laws of exponents.

• Some important limits:

– If a > 1, then
lim

x→∞

ax = ∞ and lim
x→−∞

ax = 0

– If 0 < a < 1, then

lim
x→∞

ax = 0 and lim
x→−∞

ax = ∞



• For the natural exponential function with base e,

d

dx
ex = ex

This is an amazing property: a function is its own derivative. That means
that if you know its value at x, then you know the slope of the function
there as well. The only other function with this property is the trivial
function y = 0. For this reason, the base e gives rise to what we call the
natural exponential function.

Conversely, the function ex is its own antiderivative:

∫
exdx = ex + C

By the chain rule we get
d

dx
eu = eu du

dx

which means that it’s easy to differentiate the natural exponential function.
The properties of the natural exponential function are easily deduced from
those given above (e ≈ 2.71828 > 1).

(c) Properties/Tricks/Hints/Etc.

There are three kinds of exponential graphs: increasing (a > 1), constant (a =
1), and decreasing (a < 1).

(d) Summary

The exponential function is crucial for many areas of study, from business (where
the stock market and your bank account grow exponentially), to biology (pop-
ulations grow exponentially at times of their life cycles), to all other areas of
science.

The most important base of an exponential function is e ≈ 2.718. We’ll see that
one can represent any exponential function, no matter what the base, using e.
The exponential function with e as its base is called the natural exponential
function: it has the amazing property that the function is its own derivative
and antiderivative.


