
Series
MAT 229, Spring 2021

Week 9

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook 

sections.

◼ Stewart’s Calculus
11.2: Series

◼ Boelkins/Austin/Schlicker’s Active Calculus
8.1: Sequences

Review

Questions

Which of the following sequences converge? To what do they converge?

◼  2 n+53 n-1 n=1
∞

◼ (-1)n 3 n
2+n-1
n2+5 n=0

∞

(Video)

◼  6
n

11n n=0
∞

◼ - 5
8 
n
n=2
∞

◼  43 
n
n=1
∞

(Video)

Monotonic sequences

Definition

A sequence that is either increasing or decreasing is said to be monotonic.

http://ceadserv1.nku.edu/longa//classes/mat229/highlights/11.2.pdf
https://scholarworks.gvsu.edu/books/10/
https://nku.zoom.us/rec/share/kdlgFJVt76-Ts9iLuuaENHAoyrUr_4YVXE0T6-W2uNuL2qNxK2oQRrH3qK_nt-6H.GWz2gSXR0CNhEPAh
https://nku.zoom.us/rec/share/tvl52BPF2zBHE-YTjHp7cSmVUuznjxkX8X-YMJQ89pwpjasO9zr4Fr33lieh1inn.CeRqNMU1RnjZ8RGq


Technique 3

A bounded, monotonic sequence converges.

Questions

Consider the sequence  n+1n . Write out the first few terms of this sequence.

◼ Is this sequence monotonic?

◼ Is this sequence bounded?

(Video)

Questions

Consider the sequence  3
n-n
3n . Write out the first few terms of this sequence.

◼ Is this sequence monotonic?

◼ Is this sequence bounded?

(Video)

Infinite sums
Many quantities can be written as infinite sums—also called series.

Example

π = 3.14159265…= 3 + 1
10 +

4
102 +

1
103 +

5
104 +

9
105 +

2
106 +

6
107 +

5
108 +…

Questions

◼ What is the decimal version of 13?

◼ Write 

1
3  as an infinite sum.

◼ Write 

1
3  as an infinite sum using summation notation.

◼ As you go farther out in the sum what is happening to the individual terms?

(Video)

Questions

◼ What is the value of the infinite sum 

1
2 +

1
2 +

1
2 +

1
2 +…?

◼ Write this infinite sum using summation notation.

◼ As you go farther out in the sum what is happening to the individual terms?
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https://nku.zoom.us/rec/share/9g9Z0_oiOw2LlYJ4BBV2_QqTOmwb0CVo1ZoNakmF_AKAfQ58zXUAnbp32A2La7k.ZWKuQNJPK2CIlOjL
https://nku.zoom.us/rec/share/enJlYrlEfwFIVGkrVKtUtyLq_XU3KIWAJLv3NrqTCKQJ9G7xYlhnHpLoO8ftFjsl.eKe4xNB885IRNkI9
https://nku.zoom.us/rec/share/Ic3jHY_g4rigt7kEkORVlJmqsVbVDWB9yB7CCDO4-SHyNZPNOz03IMb4cY6DYQpb.G-0Lk_fFCdnVkmY7


(Video)

Partial sums

The sequence of partial sums for the series a1 + a2 + a3 + a4 +… are

S1 = a1 = Σ
k=1

1
ak

S2 = a1 + a2 = Σ
k=1

2
ak

S3 = a1 + a2 + a3 = Σ
k=1

3
ak

S4 = a1 + a2 + a3 + a4 = Σ
k=1

4
ak

⋮

Questions

◼ What are the first 4 partial sums for the infinite series for 
π = 3 + 1

10 +
4
102 +

1
103 +

5
104 +

9
105 +

2
106 +

6
107 +

5
108 +…?

◼ What do these partial sums represent?

(Video)

Definition

The infinite sum Σ
k=1

∞
ak converges if and only if its partial sums converge. If it converges, its value is the 

limit of the partial sums: 

Σ
k=1

∞
ak = limn→∞ Σ

k=1

n
ak.

(Note the similarity to improper integrals of the form ∫a
∞f(x) dx = limR→∞∫a

Rf(x) dx.)

Question

Consider the series ∑k=1
∞  1k -

1
k+1 .

◼ What are the first four partial sums for this series?

◼ What is the value of the nth partial sum?

◼ Does this series converge? If so, to what value?

(Video)

Geometric series
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https://nku.zoom.us/rec/share/XpVKjzp_HlGCOG6YuCqVPK6si4J0Ya5_HQcO1UsYrTZwvYXnSWoxRif82AlNyzsZ.sXIx7AWXFxyVvIM3
https://nku.zoom.us/rec/share/UN2uwVBatrddb9YgR-h11_1UsGgKQ85DgIWOvkomjJEz0hMtJ2DMYVvE-d-jdoI.5uAUnNw-EJC05g9O
https://nku.zoom.us/rec/share/vJUIN_Oy66-lRt0I1nz1zeDfxpqgrzurthF89KHWDPVub3xhHBxY1kUdrJ5jRxmn.xKWne2tvqezLzeBn


Definition

A geometric series has the form Σk=n0
∞ a rk for some numbers n0, a, and r.

Questions

Which of the following are geometric series?

◼ Σk=0
∞ 2  13 

k

◼
7
2 +

7
4 +

7
8 +

7
16 +

7
32 +

7
64 +…

◼ Σk=1
∞ 2-k×3k

(Video)

Convergence/divergence

Consider the geometric series Σk=0
∞ rk. Let Sn = Σk=0

n-1 rk = 1 + r + r2 +…+ rn-1 be the nth partial sum for this 

series.

◼ The nth partial sum times r is    r Sn = r Σk=0n-1 rk = r(1 + r + r2 +…+ rn-1) = r + r2 +…+ rn

◼ In the difference Sn - r Sn most terms cancel: all but the first term in Sn and the last term in r Sn.
Sn - r Sn = (1 + r + r2 +…+ rn-1) - (r + r2 +…+ rn) = 1 - rn

◼ This is an equation we can solve for the unknown Sn.
Sn - r Sn = 1 - rn

⟶ Sn(1 - r) = 1 - rn

⟶ Sn = 1-rn
1-r , if r ≠ 1

◼ The infinite sum’s convergence or divergence is equivalent to the convergence or divergence of 1-r
n

1-r  

as n→∞. In the “Sequences” notes, this was a question about limn→∞ rn. There we computed

limn→∞ rn
converges to 0 if r < 1
converges to 1 if r = 1

diverges otherwise

◼ If r < 1, then Σk=0
∞ rk = limn→∞

1-rn

1-r
= 1
1-r

◼ If r = 1, the partial sum formula doesn’t make sense since it has a zero divide. The partial sum in this 

case is
Sn = 1 + (1) + (1)2 + (1)3 +… + (1)n-1 = n

This means Σk=0
∞ (1)k = limn→∞n =∞

◼ The geometric sum diverges for all other values of r.

Questions

Which of the geometric series converge? For those which do converge,  to what value do they converge?
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https://nku.zoom.us/rec/share/6XhU6HREOUfnuSSkxpA_FR6mzrpRKvS90b5K48BXK3WtxWw0p_AE9AyTUWtU7EnP.qwYw171Lx0ZZcBQK


◼ Σk=0
∞ 2  13 

k

◼
7
2 +

7
4 +

7
8 +

7
16 +

7
32 +

7
64 +…

◼ Σk=1
∞ 2-k 3k

(Video)

Questions

◼ Consider the geometric sum Σn=0
∞ 4  56 

n

◼ What are the first few terms of this sum?

◼ What is the value of this infinite sum?

(Video)

◼ Consider the geometric sum Σn=2
∞ 3 - 3

5 
n

◼ What are the first few terms of this sum?

◼ Rewrite this sum in the form Σn=0
∞ a rn. What is a? What is r?

◼ What is the value of this infinite sum?

(Video)

◼ Consider the  sum Σn=0
∞ 2n+5n

7n .

◼ What are the first few terms of this sum?

◼ Rewrite this infinite sum as the sum of two geometric series

◼ What is the value of this infinite sum?

(Video)

Repeating decimals

Any decimal number that has a repeating pattern can be written as a fraction. For example, the decimal 
5.121212121212… has the 12 repeating behavior. We can represent these numbers as  geometric series 

and find the sums’ values as fractions.
5.121212121212…= 5 + 12

100 +
12
1002 +

12
1003 +…

= 5 + Σn=0
∞ 12

100 
1
100 

n
= 5 + 12

100
1

1-1/100

= 5 + 12
100

1
99/100 = 5 +

12
99 = 5 +

4
33 =

169
33

Question

◼ What is a fraction equal to 0.7777777…? (Video)

◼ What is a fraction equal to 34.123123123123123123…? (Video)

Divergence Theorem
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https://nku.zoom.us/rec/share/x3_W8S6huuWrVigYpWXTGA0qjo2OTVR35w9kPU_9ndXm98X0ahyMo8BFpoU0DxZ4.AFPp9Dbf04O7BXMm
https://nku.zoom.us/rec/share/EFrdfz-APMO9GUjJ1--3KWktXqy-9AjLTuxDo1vncDZjydWGp1MHA-_9jAXKglC0.3DJHvO8ln_u9AdmS
https://nku.zoom.us/rec/share/aRqh3AvhopL77FZ8VgH2_6DsKNBKhudQHtcQf5rnl5Iig0YcqqaJIS90IBQAiTvn.OaedwFPRw0i3K7_R
https://nku.zoom.us/rec/share/conQkT62XROsylOuWqIPsrWV4WUhEfhRapk8FXaFrr6bLSe86Pcv2XnQN8Ik3FVO.CA9vlxOS475jj60Z
https://nku.zoom.us/rec/share/h2VssujyUKy4XrCXJWGn77II40I-thn4hrm3lhpU9SLXWvMaEXNtS2IHwq3qdriz.x0Nsy9Ie4BoQZ6Nz
https://nku.zoom.us/rec/share/mZLyp2G0mfa4G67yiUM8ixLAaJQu9eNk0tyF77wqZOcP2EOXNnSNSAXqU_Rpmlv8.uzgP--oDEyJS5u75


Questions

Which of the following sums converge? What is true about what happens to the individual terms of the 

sums?

◼ Σn=1
∞ 2 = 2 + 2 + 2 + 2 +…

◼ Σk=0
∞  12 

k
= 1 + 1

2 +
1
4 +

1
8 +…

◼ Σk=1
∞ k

k+1 =
1
2 +

2
3 +

3
4 +

4
5 +…

(Video)

Questions

Suppose the series a1 + a2 + a3 + a4 +…. converges to L.

◼ What is Sn+1 - Sn?

◼ What is limn→∞Sn+1? What is limn→∞Sn? What is limn→∞Sn+1 - Sn?

(Video)

Theorem

If limk→∞ak ≠ 0, then the infinite sum Σ
k

∞
ak cannot converge.

Question

How do I know that Σ
k=1

∞ k
2 k+1  diverges?

(Video)

Major note

The divergence test only gives conclusive information if the limit of the individual terms does NOT go to 

0. If the individual terms go to 0, anything is possible.

Examples

◼ Σk=0
∞  13 

k
= 1 + 1

3 +
1
9 +

1
27 +

1
81 +…

Here the individual terms are 

1
3k , and we know limk→∞

1
3k = 0. Also, we can recognize this as a 

geometric series with r = 1
3 < 1. It must converge.
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https://nku.zoom.us/rec/share/OeCt9OdvITfYXmcfDPcq8cbyW58e2ZSKYgd7FNpkK72ZVLQvdSldu_vPN_yj2vQA.sNTiIH2DrqLL4VDv
https://nku.zoom.us/rec/share/PidSfiNUW_N2KvMu2A8X0lHx7VSYva4Vrb6g7JrpwvIw_Fw76X5Jj0u58Gw0T3-n.wQn1JGHAl3zVPRCz
https://nku.zoom.us/rec/share/Agaeh3pbVLR8ZjFDApkWIKAVp_rhA0VSY2H2lNTDPE7W_bsW1bqJ4xs13TS1Nsw8.YQ4iqQ0X7nbv3eMO


◼ Σk=1
∞ 1

k
= 1 + 1

2
+ 1

3
+ 1

4
+ 1

5
+…

Here the individual terms are 

1

k
, and we know limk→∞

1

k
= 0. Let’s compute a few partial sums 

that use progressively more and more terms. From them it appears the partial sums are getting 

arbitrarily large so that the series diverges to infinity. We will verify this pattern is true later.

◼ S10

��������� Sum1.  Sqrt[k], {k, 1, 10}

◼ S20

��������� Sum1.  Sqrt[k], {k, 1, 20}

◼ S30

��������� Sum1.  Sqrt[k], {k, 1, 30}

◼ S100

��������� Sum1.  Sqrt[k], {k, 1, 100}

◼ S1000

��������� Sum1.  Sqrt[k], {k, 1, 1000}

◼ S10000

��������� Sum1.  Sqrt[k], {k, 1, 10000}

Homework
◼ IMath questions on series due Wednesday, March 19.
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