
Absolute Convergence
MAT 229, Spring 2021

Week 11

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook 

sections.

◼ Stewart’s Calculus
Section 11.6: Absolute convergence and the ratio and root tests

◼ Boelkins/Austin/Schlicker’s Active Calculus
Section 8.3: Series of real numbers

Review

Question

The alternating series test guarantees Σ
k=1

∞
(-1)k+1 ak converges if what is true about ak? (Three things....)

Questions

◼ Does the p-series Σ
k=1

∞ 1
k  converge or diverge? Why or why not?

◼ Does the alternating p-series Σ
k=1

∞
(-1)k+1 1k  converge or diverge? Why or why not?

(Video)

Questions

◼ Does the alternating series Σ
k=1

∞
(-1)k+1 k

ek  converge or diverge? Why or why not? (Video)

◼ Does the alternating series Σ
k=1

∞
(-1)k+1 cos 1k  converge or diverge? Why or why not? (Video)

◼ Does the series Σ
k=1

∞
(-1)k+1 sin(k)k2  converge or diverge? Why or why not? (Video)

http://ceadserv1.nku.edu/longa//classes/mat229/highlights/11.6.pdf
https://scholarworks.gvsu.edu/books/10/
https://nku.zoom.us/rec/share/s0QslNDl7g9IE1yl3RjHUqtHsM36OkUv1uLQYZF7kUCjJWUh2aWuz390xbsf_maG.QZZnUyNShXqxxHG1
https://nku.zoom.us/rec/share/P9y1RWo2hnwhEhO1WugD5gY2M0yfu4FlbCfVwLLemdvYqvy5_FtNIpacsNHVahTK.MPazlFem9Ni6QOYG
https://nku.zoom.us/rec/share/xrACGs-xhRWYTn1YL8MyfGlD3A8xGfwcsBaezKZZh78wgUgbOcx8sX9PetypR2s.vxY2WYrObwQ7hjpC
https://nku.zoom.us/rec/share/WIa3KF_qSvt22g7LXr5lITbxuXrHcSAptiKqUSi4WBIKN9n0K_IQ1mBnqJ5SHieK.1nQ-azf-zmtehQPB


Alternating series error estimate

Questions

◼ What is the error in approximating the alternating series Σ
k=1

∞
(-1)k+1 ak with its nth partial sum?

◼ What is an easy estimate on this error?

(Video)

Questions

◼ What partial sums approximate Σ
k=1

∞
(-1)k 1k  with error less than 0.001? (Video)

◼ Approximate Σ
k=1

∞
(-1)k 1

k3  with error less than 0.001. (Video)

Absolute convergence test
What if a series has some positive and some negative terms and neither the divergence test nor the 

alternating series test are applicable?

Absolute convergence test

If Σ
k

∞
bk  converges then  Σ

k

∞
bk converges.

Questions

Consider the series 1 + 1
4 -

1
9 -

1
16 +

1
25 +

1
36 -

1
49 -

1
64 +…

◼ Does the divergence test imply anything about this sequence?

◼ Is the alternating series test applicable?

◼ Is the absolute convergence test applicable?

◼ Does this series converge or diverge?

(Video)

Questions

Consider the series Σ
k=1

∞ cos(k)
k3 .
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https://nku.zoom.us/rec/share/rBNn7ocPmS5Aywf72oTNHc9F-SJpeT7rrfRgINs2HZpHwyq9mXvbNStr2FJw5kEh.gLJAB_6lQob0-2E_
https://nku.zoom.us/rec/share/nU2cb6pdkDyQh0SPBjm1I08hCc1S9sRqtYi24PV0Cvt-08JyZ-YYWmwl_5Yv6Hw5.Z5-QInSHgLkvvMNN
https://nku.zoom.us/rec/share/ehWXM42A7Jsvd3HqcytFoGI16lJO4MBX76MvRDX65FUffjXQTIU7olB3J5IRMZTp.94OlQaXBMzgeGLcd
https://nku.zoom.us/rec/share/tWVJe0U1vBoke-mGJlkuLfZol7ypWyo9bAoEOeFHw-6DrDx9L6YZJHIb-OuIaZ9_.rtkhDDIBZcReTRBx


◼ Begin by applying the absolute convergence test to look at Σ
k=1

∞ cos(k)
k3 . What are the first 5 partial 

sums of this series?

◼ Comparing this series to one you are familiar with, can you find a bound for the sequence of partial 
sums?

◼ Does Σ
k=1

∞ cos(k)
k3  converge?

◼ Does Σ
k=1

∞ cos(k)
k3  converge?

◼ How can we estimate the error in approximating Σ
k=1

∞ cos(k)
k3  with Σ

k=1

10 cos(k)
k3 ?

(Video)

Ratio and root tests
Two tests that will be the workhorses for our future analyses are based on comparisons to geometric
series. They incorporate the absolute convergence test.

Questions

◼ What is the form of a geometric series?

◼ Under what circumstances does a geometric series converge or diverge?

(Video)

Questions

◼ Let ck be the kth term of a geometric series. What is 

ck+1
ck
? What is limk→∞

ck+1
ck
? What about limk→∞

ck+1
ck

 

Implies the convergence of Σ
k

∞
ck?

◼ Let ck be the kth term of a geometric series. What is ck
k ? What is limk→∞ ck

k ? What about 

limk→∞ ck
k

 Implies the convergence of Σ
k

∞
ck?

(Video)

Ratio test
Given any series Σ

k

∞
bk, evaluate the limit of the ratio of successive terms, ignoring any signs, 

limk→∞
bk+1
bk

.

◼ If limk→∞
bk+1
bk

= L where L < 1, then Σ
k

∞
bk converges.
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https://nku.zoom.us/rec/share/ord5DtLcfPqnXQu4oUBbgKqaCh8X6tErdKQWfY7Hgy4sIj-vaNMf9M-iNwIrl4TT.AnFzGKttnwRO_MU9
https://nku.zoom.us/rec/share/FlUVeyaoUVHZk30TU5oA6NrCGt6labMhVy2ykyQaDfUZu3k_GTPPbCuh69o7xLM.AqY91Jg5aOenEkL3
https://nku.zoom.us/rec/share/DLN5YnrYl43vBNnvMgp2WyottKjX6oCCgVYUh84o9VuFXM72ablOJq_79VgvWQ_F.mLXejfPrWAqTJUW4


◼ If limk→∞
bk+1
bk

= L where L > 1, then Σ
k

∞
bk diverges.

◼ If limk→∞
bk+1
bk

 = 1, then you must use another convergence test. The series doesn’t compare to a 

geometric series.

Questions

Apply the ratio test to determine the convergence of the following series.

◼ Σ
k=1

∞ k
4k  (Video)

◼ Σ
k=1

∞ (-3)k

k!  (Video)

Root test
Given any series Σ

k

∞
bk, evaluate the limit of the kth root, ignoring any signs, of the kth term, 

limk→∞ bk
k .

◼ If limk→∞ bk
k = L where L < 1, then Σ

k

∞
bk converges.

◼ If limk→∞ bk
k = L where L > 1, then Σ

k

∞
bk diverges.

◼ If limk→∞ bk
k = L where L = 1, then you must use another convergence test. The series doesn’t 

compare to a geometric series.

Questions

Apply the root test to determine the convergence of the following series.

◼ Σ
k=1

∞ k
4k (Video)

◼ Σ
k=1

∞
(-1)k+1 k2+k+3k

100k (Video)

Conditional convergence

Definitions

◼ If Σ
k

∞
bk  converges, then by the absolute convergence test we know Σ

k

∞
bk converges. We say Σ

k

∞
bk 

converges absolutely.

◼ If Σ
k

∞
bk  diverges, but by the alternating series test we find Σ

k

∞
bk converges, we say Σ

k

∞
bk converges 

conditionally.
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https://nku.zoom.us/rec/share/HePiF_5vTL2-4aS72bEfNZTOs-6-_XZ3c4qzblURzLGQ0E80B_jV-ttTlxIz5ETu.S71UfhR9p-I0hEqb
https://nku.zoom.us/rec/share/zhOBwCYdmvYlhJc58R2uWrUYj15iM8AfgtiMLwBA4uVLV9FW4Z3bmn8uhg9MkR-0.7qYEH8aZAx9I0NtT
https://nku.zoom.us/rec/share/Qr5U0TK7l6JWUJxm4MWnB3a2vbxy_8OXQS8ZFr4ZinlcYFPZGFXMYGsqr3o3l2IQ.Jhy-tfRIOYUJ2Ina
https://nku.zoom.us/rec/share/Dx0FZyFbw4Kq-ZCTEU4FtRXiF66KuKk0OVx0c-zjeRGahk75wdV1iJ5C9SK9XT77.lMr94l6j2L36Pkki


A given series either converges absolutely, converges conditionally, or it diverges.

Question

We have discussed a series that meets the definition of conditional convergence. What is it? (Video)

Question

Determine whether the series converges absolutely, converges conditionally, or diverges.

◼ Σ
k=1

∞
(-1)k+1 k

k2+1 (Video)

◼ Σ
k=0

∞
(-1)k ek

k+1 (Video)

◼ Σ
k=1

∞
(-1)k-1 3 k2-1

5 k5+k3-2 k (Video)

Homework
◼ IMath problems on the absolute convergence test.
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https://nku.zoom.us/rec/share/bN4ovZB-_ggy6pETHPG0DBALDudwRO-559acRxZ8UEFr4KefpNF5D19_npLcXcS8.t51a6F_hSqpRSM8o
https://nku.zoom.us/rec/share/hlCthKtK9B3rEsYaWnVGXUtBaZVTFSXqqQD5h9H42mFHajRCMGyZggDFYisBjUBS.DbkEGbClW8T0A8mD
https://nku.zoom.us/rec/share/D94YEa0lGeWHLFMDwVesoP8jJadcQjGX7654bKad_5UemG8PyflqRV1UeSwyejdr.OqJ8sxvXzIfF58t2
https://nku.zoom.us/rec/share/afoIiTI34jvTNvWq80KguvOTgbQnkC_Wsf4y4phu5x1YkVBMFg-32d_MAQjJCb2r.l8yIW_lWMiAZqDcw

