
Taylor Polynomials
MAT 229, Spring 2021

Week 8

Supporting materials
If you wish to get a different perspective on the notes below, try either of the following textbook 

sections.

◼ Stewart’s Calculus
11.11: Taylor Polynomials

◼ Boelkins/Austin/Schlicker’s Active Calculus
8.5 Taylor Polynomials and Taylor Series

Tangent line approximation

Questions

Let f(x) = tan-1(3 x).

◼ What is an equation of the tangent line to y = f(x) at x = 0?

◼ What is the tangent line approximation to f(x) at 0?

(Video)

Formula

Given a general function g(x) and value x = a, the tangent line approximation to g(x) at a is
T(x) = g(a) + g′(a) (x - a)

Questions

◼ How does T(a) compare to g(a)?

◼ How does T′(a) compare to g′(a)?

(Video)

Quadratic approximation

https://scholarworks.gvsu.edu/books/10/
https://nku.zoom.us/rec/share/wZE7jNx0bXD1Bw8Hw4Rp8mY4BeIIGeibMUXNchsB3x9IoVczxYDW-r3iy25GyLZy.ZUexVBs5YDzH6Cai
https://nku.zoom.us/rec/share/mnN3yZBeUJHgw7EA_V-4Zu_bCKZ64I4pcN-QWGMSQ3L__WaaQEOE1d_E5Iw52sfw.uCdQLeWwAFz4AcrK


The quadratic approximation to function g(x) at x = a is the quadratic polynomial function 

T2(x) = P x2 +Q x + R such that

◼ T2(a) = g(a)

◼ T2′(a) = g′(a)

◼ T2″(a) = g″(a)

It is a little easier to work with T2(x) when it has the form 

T2(x) = A + B(x - a) + C(x - a)2

Questions

Consider f(x) = cos(x) + sin(2 x). We want to find its quadratic approximation when a = 0. Let 
T2(x) = A + B(x - a) + C(x - a)2

◼ What does T2(0) = f(0) tell us about A, B, C?

◼ What does T2′(0) = f ′(0) tell us about A, B, C?

◼ What does T2″(0) = f″(0) tell us about A, B, C?

◼ Plot y = f(x) and y = A + B x + C x2 together on the same coordinate axes and compare them.

(Video)

Questions

Consider g(x) = x ln(x). We want to find its quadratic approximation when a = 1. Let 
T2(x) = A + B(x - a) + C(x - a)2 = A + B (x - 1) + C (x - 1)2

◼ Find the values of A, B, C that make T2(1) = g(1), T2′(1) = g′(1), T2″(1) = g″(1)

◼ What is the absolute error in approximating g(0.8) with T2(0.8)?

◼ What is the absolute error in approximating g(1.5) with T2(1.5)?

(Video)

Taylor polynomial approximation

Notation

For the next month we will be taking higher order derivatives. Denote the kth derivative of f(x) as f (k)(x).

Factorials

If k is a whole number we say the factorial of k, denoted k !, is the quantity
k ! = 1 ·2 ·3 ·4 ·…·(k - 1) ·k

Because it is useful to do so, define 0 ! = 1.
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https://nku.zoom.us/rec/share/UZZ9GkkG9KU4qx3H6azSOpFZi8PcEvv-PoTb2ygMqCXb_E0cFJEfcp4om4p1EKWe._n51k4ey1JW848Qs
https://nku.zoom.us/rec/share/MrKx2NNJ5-Wpe8vgqi02mysgFjWy7TKlgidkps5pa4kwxuI9Wwvbne4eWyUXKpyq.aOtJb-pdc22CfZc0


Examples

◼ 0 ! = 1

◼ 1 ! = 1

◼ 2 ! = 1 ·2 = 2

◼ 3 ! = 1 ·2 ·3 = 6

◼ 4 ! = 1 ·2 ·3 ·4 = 24

◼ 5 ! = 1 ·2 ·3 ·4 ·5 = 120

Taylor polynomials

The nth degree Taylor polynomial approximation of f(x) at x = a is

Tn(x) = Σ
k=0

n f (k)(a)
k! (x - a)k

=

f(a) + f ′(a) (x - a) + 1
2! f

″(a) (x - a)2 + 1
3! f

(3)(a) (x - a)3 +…+ 1
(n-1)! f

(n-1)(a) (x - a)n-1 + 1
n! f

(n)(a) (x - a)n

Notes

◼ The first degree Taylor polynomial approximation is the linear approximation.

◼ The second degree Taylor polynomial approximation is the quadratic approximation.

Questions

◼ What is the fourth degree Taylor polynomial for f(x) = ex at a = 0?

◼ Approximate e0.5 with this Taylor polynomial. What is the absolute error in this approximation?

◼ Plot it along with y = ex.

(Video)

Questions

◼ What is the fi�h degree Taylor polynomial for g(x) = cos(x) at a =π? Plot it along with y = cos(x).

◼ From this graph, estimate for which range of values of x, this Taylor polynomial approximates cos(x) 
with error less than 0.1.

(Video)

Questions

Given a general differentiable function f(x). Reminder: 

The nth degree Taylor polynomial approximation of f(x) at x = a is
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https://nku.zoom.us/rec/share/2g3GekVfUEWskPCRfLSDEknHfkjexaxRgJjCYj-EEdGbNPk4gwyHcUMa76-4w954.YgjRsJPnMLBuQucJ
https://nku.zoom.us/rec/share/7qEO2cTMzkd0uje33g89t0xFELOEvpCr0dyhlqIwWUNaYOoEqfeU5SQLF8vgZ0RR.GBnC4axysI_ht_b7


Tn(x) =

f(a) + f ′(a) (x - a) + 1
2! f

″(a) (x - a)2 + 1
3! f

(3)(a) (x - a)3 +…+ 1
(n-1)! f

(n-1)(a) (x - a)n-1 + 1
n! f

(n)(a) (x - a)n

◼ How does Tn(a) compare with f(a)?

◼ How does Tn(1)(a) compare with f (1)(a)?

◼ How does Tn(2)(a) compare with f (2)(a)?

◼ How does Tn(3)(a) compare with f (3)(a)?

(Video)

Homework
◼ IMath problems on Taylor Polynomials.
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https://nku.zoom.us/rec/share/ANj6P6NrB0H7yEj8o_aBtuacG5Z1z4MRRm-IoLQkSIF4dPIZ_hB-DscCRpXDnYvV.98E4i89vc-RtoJW9
https://imath.nku.edu/course/course.php?cid=443

