
Weekly Assignment 10
MAT 229, Spring 2021

Instructions:  Show your work! 

1. Let f(x) = Σ
n=1

∞
(-1)n+1 (x-2)n

2n n

◼ What is the domain of f (x)? In other words, what is the interval of convergence for the power series?

��������� Clear[a, b, n]
(* Let's integrate a term, to see what the new terms look like: *)

a[n_] = (-1)^(n + 1) x - 2^n  2^n n

ratio = Simplify[Abs[a[n + 1] / a[n]]]
Limit[ratio, n → Infinity]

���������

(-1)1+n 2-n -2 + xn

n

���������
1

2
Abs

n -2 + x

1 + n


���������
1

2
Abs[-2 + x]

So as long as |x-2|<2, this converges. Obviously 0 doesn’t work, since the series is effectively harmonic; 
and at 4 we get the alternating harmonic, which converges. Hence the domain is (0,4]. 

��������� f[x_] := Sum[a[n], {n, 1, Infinity}]
f[x]

��������� -Log[2] + Log[x]

◼ Approximate ∫2
4f (x) dx with error less than 0.0001.

��������� Plot[f[x], {x, 2, 4}]
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��������� (* Let's integrate a term, to see what the new terms look like: *)

b[n_] = Integrate[a[n], x]
Sum[b[n], {n, 1, Infinity}]

���������

(-1)1+n 2-n -2 + x1+n

n (1 + n)

��������� 2 - x + x Log
x

2


��������� Integrate[Sum[a[n], {n, 1, Infinity}], x]

solns = NSolve2  2 + n (1 + n) ⩵ .0001, n

nterms = Ceiling[n /. solns[[2]]];

Sum
2 (-1)(1+n)

n (1 + n)
, {n, 1, nterms};

approx = N[%];
true = NIntegrate[f[x], {x, 2, 4}];
absError = Abs[approx - true];
TableForm[
Transpose[{{true, approx, nterms, absError}}]
, TableHeadings → {{"True", "Partial", "No. of terms", "Abs. Error"}}

]

��������� -x + x Log
x

2


��������� {{n → -142.922}, {n → 139.922}}

��������������������

True 0.772589
Partial 0.772538
No. of terms 140
Abs. Error 0.000050298

2. Let g(x) = Σ
n=0

∞
(-1)n (x-π)2 n

(2 n)!

◼ What is the domain of g(x)? In other words, what is the interval of convergence for the power series?

2 ���  wa10-key.nb
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��������� Clear[a, b, n]
(* Let's integrate a term, to see what the new terms look like: *)

a[n_] = (-1)^(n) (x - π)^2 n  Factorial[2 n]

ratio = Simplify[Abs[a[n + 1] / a[n]]]
Limit[ratio, n → Infinity]

���������
(-1)n (-π + x)2 n

2 n!

��������� Abs
(π - x)2 2 n!

2 (1 + n)!


��������� 0

So  this converges everywhere. The factorials make it so....

��������� g[x_] := Sum[a[n], {n, 0, Infinity}]
g[x]

��������� -Cos[x]

◼ Find a power series representation for g′(x).

��������� Clear[b, n]

b[n_] = (-1)^(n) D(x - π)^2 n, x  Factorial[2 n]

Sum[b[n], {n, 1, Infinity}]
Simplify[%]

���������
2 (-1)n n (-π + x)-1+2 n

2 n!

��������� -
(π - x) Sin[x]

-π + x

��������� Sin[x]

3. Let h(x) = x ln(1 + x)

◼ Using geometric series, what is a power series representation for h(x) centered at 0?

��������� Clear[n]
h[x_] := x Log[1 + x]
Series[h[x], {x, 0, 10}]

��������� x2 -
x3

2
+
x4

3
-
x5

4
+
x6

5
-
x7

6
+
x8

7
-
x9

8
+
x10

9
+ O[x]11

◼ Using the power series representation, approximate ∫0
1h(x) dx with error less than 0.0001.

���������

(* Let's integrate a term: *)

(-1)^n Integrate[x^n, x]  (n - 1)

Sum(-1)^n Integrate[x^n, x]  (n - 1), {n, 2, Infinity}
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���������
(-1)n x1+n

(-1 + n) (1 + n)

���������
1

4
2 x - x2 - 2 Log[1 + x] + 2 x2 Log[1 + x]

���������

soln = NSolve1  (n + 1)^2 - 1 ⩵ .0001, n

nterms = Ceiling[n /. soln[[2]]]

partial = Sum
(-1)n

(-1 + n) (1 + n)
, {n, 2, nterms};

true = NIntegrate[h[x], {x, 0, 1}];
absError = Abs[true - partial];

TableForm[
Transpose[{{true, N[partial], nterms, absError}}]
, TableHeadings → {{"True", "Partial", "No. of terms", "Abs. Error"}}

]

��������� {{n → -101.005}, {n → 99.005}}

��������� 100

��������������������

True 0.25
Partial 0.25005
No. of terms 100
Abs. Error 0.000049505
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