Lab 6: Overview
Week 6, February 15

MAT 229, Spring 2021

Techniques of integration

= Integration by parts [udv=uv- [vdu
m Trigonometric integrals: fsinm(x) cos”(x) dx, ftanm(x) sec’(x) dx, fcotm(x) csc(x) dx
m Trigonometric substitutions

m roots of a2 - x2 — x = asin(8), dx=acos(8)do

m roots of a2 + X2 — x =atan(8), dx=asec?(6)do

m roots of X2 - a2 — x = asec(8), dx=asec(h)tan(6)d8

Example
Evaluate the definiteintegralfj L—dx
4 16+x2
ni= Integrate[1/Sqrt[16+x2], {x, 0, 3}]
N[%]
Log[2.0]
true = Log[2]
Out[1]= ArCSinh[§q
4

outizl= 0.693147
outisl= 0.693147

outjal= Log[2]

Numerical integration

Left endpoint rule -- L,

To estimate f:f(x) dx using n rectangles
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= Width: Ax = =2

n
m We subdivide the interval [a,b] into (n+1) x-values:
m xo=a+0Ax=aq,
m x;=a+1Ax,
mx,=a+2Ax,,...,
mx, =a+kAx,...,

n x,,=a+nAx=a+nb%’=a+(b—a)=b

b ~ n
[PF(x) dx = A (k§1 fla+(k=1) Ax))

Example

1

\/ 16+x2

Estimate the definite integral fs dx using the left endpoint rule with n = 50.

misi= FIX_] $=1/Sqrt[16 + x?]
Plot[f[x], {x, ©, 3}, PlotRange -» {0, 0.3}]

0.30 -

0-25.\
020
Out[6]= 0.15 r

010}

0.05]
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n71:= Clear[a, b, n, dx]

a=0.0
b=3.0
n =50
dx = (b-a) /n
out[18]= 0.
out[19]= 3.
out[201= 50

out211= 0.06
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mizr= Lrr50 = dx » Sum[f[a+ (k-1) dx], {k, 1, 50} ]
true = Log[2.0]
1rr50 - true

outi271= 0.69464
outi2s]= 0.693147

outi29]= 0.0014928

Right endpoint rule -- R,
To estimate f:f(x) dx using n rectangles
= Same Width: Ax = b%"
m Samex-values:xo=a,x1=a+Ax,x,=a+2Ax,x3=a+3Ax, ..., xx=a+klAx, ..., x,=a +nlAx=b

b ~ n
[PF() dx = Ax (k§1 f(a+ kAx))

Example

1

Estimate the definite integral f3 dx using the right endpoint rule with n = 50.

16+x2

inaal= Frr50 = Sum[dx = f[a+ kdx], {k, 1, 50}]
true
rrr50 - true

out3sl= 0.69164
out[34]= 0.693147

outssl= —0.0015072

Midpoint rule

To estimate j:f(x) dx using n rectangles
® Same Width: Ax = b'T"
= Different x-values: x; = a + %Ax,x2 =g+ %Ax,x3 =a+ %Ax, L Xk=0+ 2k—'le=cJ+(k— %)Ax, s

2
Xn=da +(n—%)AX=a+(b—a)_%AXzb_%AX

b . n
[ofedx=bx( £ fla+ (k- 1) o))

Example

1

Estimate the definite integral f3 dx using the midpoint rule with n = 50.

16+x2
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mia7= mid50 = dx « Sum[f[a+ (k-1/2) dx], {k, 1, 50}]
true
mid50 - true

out37]= ©.693151
outsg]= 0.693147

outzel= 3.60005 x 107°

Trapezoid rule

[ dx =2 (L + Ry)

Example

Estimate the definiteintegralf3 L

0 A 16+x2

ina0)= trap50 = 1/2 ('I.rr50 + rrr50)

true

dx using the trapezoid rule with n = 50.

trap50 - true
outia0l= 0.69314

outia1]= 0.693147

outia2l= —7.20006 x 10°°

Error estimate
For the trapezoid rule the absolute error is less than or equal to

K(b-a)®

12n?

in3:= Plot[Abs[f''[x]], {x, a, b}]

0.015 -

0.010 -

out[43]=

0.005
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iniasi= K2 = Abs[f''[a]]
K2 = .016

outss1= 0.015625

outiasl= 0.016

nia7i= trapErr = K2 (b - a) A3/ (12 %+ n~2)
outa71= 0.0000144

inigs;:= MidErr = K2 (b—a) "3/ (24* n"2)

outjagl= 7.2 x 107

Simpson’s rule

To estimate j:f(x) dx using 2n rectangles (always even)

m Both sets of x-values; those for Trapezoidal, and those for Midpoint

m Double the n for the corresponding Trapezoidal and Midpoint Rules.

[ dx = San= 22 My +Ty)

Example

Estimate the definite integral f03 L
A 16+x2
miasj= S100 = (2 » mid50 + trap50) /3
true
S$100 - true

dx using Simpson’s rule with n =100.

outja9l= 0.693147
outis0)= 0.693147

ousi= 1.55513 x 10711

Error estimate

For Simpson’s rule the absolute error is less than or equal to

K(b-a)®
180 n*
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ns2:= PLot[Abs[f''''[x]], {x, 0, 3}]
0.008 I
0.006'
out[52]=

0.004

0.002

oy by NSy 1 1 ]
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in5a1:= K4 = Abs[f''''[0.]]
K4 = 0.009

outis41= 0.00878906

outfs5]= 0.009

nisei= K4 (b-a)*5/ (180« (2n)r4)

outrsel= 1.215 x 10710



