Lines and Planes

MAT 229, Spring 2021

Week 16

Supporting materials

If you wish to get a different perspective on the notes below, try either of the following textbook
sections.

m Stewart’s Calculus
Section 12.5: Lines and planes

m Boelkins/Austin/Schlicker’s Active Multivariable Calculus
Section 9.5: Lines and planes in space

Review

Questions

m How can we easily determine if two vectors are perpendicular or not?
m What is a simple way to find a 3D vector that is orthogonal (perpendicular) to two given vectors?

(Video)

Questions
Consider the parametric equations
x(t)=3t+5
y(t)=-2t+1
m What is the point associated with t =0?
m What is the point associated with t =1?
m What is the vector with initial point (x(0), y(0)) and terminal point (x(1), y(1))?
m Find a Cartesian equation for this parametrically defined curve.

(Video)

Questions


http://ceadserv1.nku.edu/longa/classes/mat229/days/highlights/12.5.pdf
https://activecalculus.org/multi/
https://nku.zoom.us/rec/share/_KpDTbZW61I_3rjFKjVjJpe-TtBZzLN0X6lxxdnQ8FYiX1TqsnWIvdTvFJmEBney.Ke22gTOn-jFTQyCU
https://nku.zoom.us/rec/share/Cte1nA_hSQjLWv8CCdw2GndoFqknVwmUgSWS0PX4VGSrHQRVqUjINnU1DaoR9A.-sYbCAlnBWxisu69
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Consider the parametric equations
x(t)=at+xo

y(t)=bt+yo
What is the point associated with t = 0?

What is the point associated with t =17

What is the vector with initial point (x(0), y(0)) and terminal point (x(1), y(1))?

Find a Cartesian equation for this parametrically defined curve to show it is a line.

What is its slope?

How does the vector found above compare with the line?

(Video)

Parametric equations of lines in space

Questions

m What information is needed to find an equation for a line in the plane?
= How many points determine a line in the plane?
= How many points determine a line in space?

(Video)

Parametric equations

The parametric equations
x(t)=at+xo
y(t)=bt+yo
zZ(t)=ct+ 2z

produce a line in space.

As a vector equation:

It's better to think of this as a vector equation:
x(t), y(0), 2(t)y ={at+xo,bt+yo,ct+2z0)=(a,b,c)t + {Xo, Yo, Z0)

Furthermore, we can make the analogy of the vector (g, b, ¢) as "the slope", and {xo, Vo, Zo) as "the
intercept" -- the point you’re at when t=0.

Two-dimensional version:


https://nku.zoom.us/rec/share/-DtoOnP2H6vGQn2BNKLTcZoJH-XvB4TTz9vbQwLv-Zo1UzlQppR1-rQhXYOdmMEr.DOi-gghaATMNzCa6
https://nku.zoom.us/rec/share/FzeolsK8eCWDCBugRyOztkcIm_-ygZ90Wk7HtnJKbi3qVsHl2Kk4jvS7HontM-6m.R5i0IL6J0rvqKIcD
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Think about the two-dimensional analogue: in 2d, we think of x as the independent and y as the depen-
dent variable. The two corresponding parametric equations are
x(t)=1t

y(t)=mt+yo
which produce a line in the plane:

(), y()) ={t,mt+yo)=(1,m)t +(0,yo)

Questions
Consider the line given by
x(t)=2t+3
y(t)=-t+2
z(t)=3t
= What is the point (x(0), y(0), z(0))?
= What is the point (x(1), (1), z(1))?
m What is the vector that points from (x(0), y(0), z(0)) to (x(1), y(1), z(1))?
m What relation does this vector have to the line?

(Video)

Questions
Given the parametric equations
x(t)=at+xo

y(t)=bt+yo
Z(t)=ct+ 2z

m What is the point on the line associated with t = 0?
m What is a vector parallel to the line?

(Video)

Questions
= Find parametric equations for the line through point (-1, 0, 1) and parallel to vector (3, 4, 0).
(Video)

m Find parametric equations for the line through point (2, 3, —1) and parallel to the line given
parametricallybyx=—-t,y=2t-3,z=t+1. (Video)

m Find parametric equations for the line through points (0, 1, 1) and (2, 3, 5).
= Find a different set of parametric equations for the line through points (0, 1, 1) and (2, 3, 5).


https://nku.zoom.us/rec/share/PJ1hl2o1X4LqWBvx8KIde-rzhyhCml7bwSpfgUUhWDnb3P9-lNP4za6asbKtT-g.yDPji6y_hUND4CWZ
https://nku.zoom.us/rec/share/Tb_s3BSadJrdfTwT3hQPUL7gLJ_FKpT9meciEtSLB0wwY2A0S9weDyrTM2rqMKOr.ah0QVxzYujuhg-OZ
https://nku.zoom.us/rec/share/ywxOPmziIDeW50hYHohh5LKp0tjVtM5fFfdC7WtAziqstaPtyDhruL5C4bSIUN60.QRJVgFQBsuigXm2Q
https://nku.zoom.us/rec/share/cJk34RXRlTP54UyyhGACPplVVw1nwlMAAvyojA6p_V2npqAXxspCXfvI-GfM7oCJ.1_CFSCsBaErLJPwK
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(Video)

Vector equation of a line in space

Definitions

m The position vector U = {a, b, c) is the vector with initial point at the origin and terminal point at
(a, b, c).

m The parametric vector equation
- > o
r(ty=tu+ro
for each value of tis the position vector for a point on the line parallel to vector U, that passes
through the terminal point of position vector To.

Question

m What is a vector equation for the line that passes through (1, 0, 2) and that is parallel to vector
(-1, 1,1y (Video)

Planes

Question

m What is the minimum information needed to determine a plane? (Video)

Questions

Given a plane let

4 . .

n be a vector perpendicular to it,

Po(Xo0, Yo, Zo) be a particular point on it.
If P(x, y, z) is any point on the plane

. >
m What is true about the vector PyP?

= What relation does this vector have with vector n?

= fAin component formis {a, b, c), write an equation that x, y, z must satisfy to lie on the plane that
passes through (xo, yo, o) and that is perpendicular (normal) to n.

(Video)


https://nku.zoom.us/rec/share/8pMdyJLC-VPO2AQbPAGSwNIurrac6gTqLdVHOLexhxMOKx1v0Rsb8hZ2gCYd_H4k.3mRueMU31tvDRRxc
https://nku.zoom.us/rec/share/HgZ7Ox3cgFB-InPNKbOXdEGIlt4L_qhckZCJKBmaNaattmZ1gQfn7M1TZ_nCzOiA.AZ_uNu1jYasz3J-V
https://nku.zoom.us/rec/share/W1GT2swbgjTtzAdEcAHJOPIghWqbg5_9H6GGgdLOuWG6vgcz9dQHNmIiKxm78g.eaIagKaTZkhHTWBx
https://nku.zoom.us/rec/share/Ve5YtGeYPm5xAPmiTlJlyHj3tosU1XbopPZrVqHicrrrfLoRMtDhsghks3-a57Ty.eqF2igdIzIlicpXi
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o
(x, ¥, 2)

Equation of a plane

The points with coordinates (x, y, z) that satisfy the equation
a(x=xo) +b(y—yo) +c(z-20)=0
form a plane that passes through (xo, yo, Zo) and that is normal to vector (a, b, c).
Frequently we solve for z, and so think of z(x,y) as the plane, a function of the two "independent"
coordinates x and y:
z(x, y) = [a(x - Xo) + b(y - yo) + c(~20)1/(-c)
Or, maybe better yet, in analogy with the equation of a line in two dimensions
z=2zo- [%(x—xo) + %(y—yo)] = 2o + My (X = Xo) + my(y = ¥o).
And so we defined “slopes” in both the x and y directions.

Alternatively (certainly better),

(a’ b’ C)' ((X’ Y, Z) - (XO’ Yo, ZO) ) =0
Thatis, the vector {(a, b, ¢) and a vector lying in the plane, given as the difference of the two vectors
x, v, 2) - {Xo, Yo, Z0) , has a dot product of 0: they're perpendicular.

Questions

m Find an equation for the plane that passes through point (1, 0, —-1) and that is normal to vector
2, 3, -4). (Video)

m What is a vector normal to the plane given by 3 (x + 2) - y + 2 (z- 1) = 0? What is a point on this plane?

(Video)

m Rewrite the last equation so that all the variables are on one side of the equation and the constants
are summed on the other side. (Video)

m What is an equation for the plane that passes through (0, 1, 0) that is parallel to both (1, 1, 1) and
0, 1, -1)? (Video)

m Find an equation for the plane that passes through the three points Py(1, 1, 1), P1(2, 0, -1), and
P,(0, 1, 3). (Video)


https://nku.zoom.us/rec/share/XEQTpeNnqJ9Jt_Njnht60NxSbMcZOiUWvFtKSU86qp34SJJMbK-aS7DTLv8EZkNK.RkEgvAcAHj6I4NDf
https://nku.zoom.us/rec/share/e9h2GaWzlZ5DB4lb76QBKOAbML2zzHwoinwEHlyH_-LCwZue_CFs-fpwebkVjIiu.pE_XyOU7CuMAFaDi
https://nku.zoom.us/rec/share/_6uh58UomhQj5xQsmUXlmkBA6iOHJv0UbQOSi67qZ0wzeJoeoaEXdVsf2wFjrUE5.z47ZrkEO0LjNVAGC
https://nku.zoom.us/rec/share/Gcm0EzvRiIQD0XOHbEfipTZMR3Wc9lXK6JyhS4jxntz2H1jrYWGgy0CeD8WirLfc.mBrAKDMvOUp_F43f
https://nku.zoom.us/rec/share/DzR0IHe4An-_BKXF4E3B_jIzRrl00ArDfH7FqqfB2gjR7pMDhtf98lWMqsEGqAI7.3oluXo3MfQFtxqqU
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m Find an equation for the plane that is parallel to x + 2 y + 3 z=20 and that passes through the point
(1,0, -1). (Video)

Homework

m |IMath problems on lines and planes.


https://nku.zoom.us/rec/share/e_zZOtGvbWLhE7Fc_cOoDXzG9nD4vN42153xYcYiBjrrF26ltw-nu6PyJydBdJsp.O56qdQ16luFWgy5q

