Trigonometric Integration

MAT 229, Spring 2021

Week 4

Supporting materials

If you wish to get a different perspective on the notes below, try either of the following textbook
sections.

m Stewart’s Calculus
Section 7.2: Trigonometric integrals

m Boelkins/Austin/Schlicker’s Active Calculus
Section 5.3: Integration by substitution

Review

We have three antidifferentiation techniques:
1. Recognize itimmediately as the derivative of some function, for example
fe" dx=¢e+C

2. Try substituting for some internal part (the chain rule backwards). Don’t forget the differential. For
example, to evaluate fxz cos(x®) dx use the substitution u = x3 and du = 3 x> dx to replace the above

integral with the simpler one,
|5 cos(u) du = 3 sin(u) + C= $sin(x®) + C

3. Integration by parts (the product rule backwards). Here it is in two different forms:
a. fudv:uv—fvdu
b. fu(x) v' (x)dx=u(x)v(x) - fv(x)u‘ (x) dx

Today we introduce trigonometric integrals, as a special class of integrals that seem to arise frequently,
and that involve particular trig substitutions.

Questions

Choose an appropriate technique to evaluate the following integrals.
m Find the area of the region bounded above by y = x €™, below by the x-axis, and the line x =5.

m Find the volume of the surface of revolution generated by rotating about the x-axis the region
bounded above by y = x sec(x®), below by the x-axis, and the line x = 1.


http://ceadserv1.nku.edu/longa//classes/mat229/highlights/7.2.pdf
https://scholarworks.gvsu.edu/books/10/
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Trigonometric identities

Pythagorean identities

cos?(6) +sin?(6) =1

Questions

= Divide this equation by cos?(6) to get another Pythagorean identity.
cos?(9) , sin*(@) _ 1
cos3(B) ' cos?(8) T cos*(B)

— 1 +tan?(8) = sec?(0)

= Divide this equation by sin?(6) to get another Pythagorean identity.
cos?(9) , sin’(@) _ _1
sin2(6)  sin%(6) ~ sin?(6)

— cot?(8) + 1 =csc?(0)

Double angle formulas

There are two identities (other than the Pythagorean) that | think are worth memorizing: the sine and
cosine sum formulas are

sin(a + B) = sin(a) cos(B) + sin(B) cos(a)
cos(a + B) = cos(a) cos(PB) — sin(a) sin(B)
You can get the difference formulas from the sum formulas, using the symmetry properties of sines and
cosines (so you don’t need to memorize those -- but you do need to know those symmetry properties!):
sin(a - B) =sin(a) cos(B) — sin(B) cos(a) .
cos(a - B) = cos(a) cos(PB) + sin(a) sin()

Questions

= Whatis sin(2 8) =sin(0 + 6)? (Video)

m Whatis cos(2 8) = cos(6 + 6)? (Video)

m Rewrite this using a Pythagorean trigonometric identity so that cos(2 6) is in terms of only cos(6).

m Rewrite this using a Pythagorean trigonometric identity so that cos(2 6) is in terms of only sin(6).
(Video)

Sine squared and cosine squared

The results above give us two trigonometric identities that we will use below.

- COSZ(Q) - 1+cozs§2 0)

- sin2(6) — 1—c05129)


https://nku.zoom.us/rec/share/qrGEDkSl9UaNYSIzaAc2QM93506GBrXhppr21MyugNkCbGtwKozFM63BhTLyhgs8._11zIFBQIAQqdxrz
https://nku.zoom.us/rec/share/HIeMZUuxrk5NhJd_1BKbxulj6Eg6yvJ-2GaDrBVMs-n5nac296s6tMxbqD-KAvQI.ticJtX5yNJbFhjaK
https://nku.zoom.us/rec/share/62PVdfsMbAIQ3VldR3gp_MO4W-VA3PHeP3qhN7_vBMsYwS9CWqc6jexNKVBJogls.tBdUSGHOA3NmbFat
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Trigonometric integrals

Here are some techniques for evaluating integrals of the following forms.
" fsinm(x) cos"(x) dx
L] ftan'”(x) sec(x) dx

= [cot™(x) csc”(x) dx

Questions/review:

Integration is just differentiation in reverse: what are the following derivatives?

d
= -~ cos(x)

d .
= - -sin(x)

d

u Jtan(x)
d

= - -sec(x)
d

= -~ cot(x)

d
= - -csc(x)

Questions
m Evaluate fcos“(x) sin(x) dx using the substitution u = cos(x).(Video)
= Evaluate fsinG(x) cos3(x) dx by writing this as
[sin®(x) cos?(x) cos(x) dx = [sin®(x) (1 - sin*(x)) cos(x) dx. (Video)
= Find the area under the curve y = sin3(x) cos3(x) for 0 < x < 71/2. (Video)
= Evaluate j cot*(x) csc?(x) dx. (Video)
= Evaluate fta n?(x) sec*(x) dx by first writing sec*(x) = sec?(x) sec?(x), using a Pythagorean identity on

one of the factors, and then making an appropriate substitution. (Video)

Questions

= Use the trigonometric identity cos?(6) = %2—9)- to evaluate
[cos?(6) do= [1=28) 4, (video)

m Find the volume of the solid of revolution obtained by rotating about the x-axis the region above the
x-axis and one arch of the sine curve y = sin(x). (Video)


https://nku.zoom.us/rec/share/K15NRWPhpCbMn6039qxXCbNshpjV0ZhbuIo9Qv0DElW6XvN-1oqbM2tKPUwIeadH.BsaBHmiD7R3Ocp8I
https://nku.zoom.us/rec/share/jt7ShlUwcgn9P7ce-RcdXf3cF_Ka6QAD4Oluf_ayD0v6CohHAViN8dif3EedXE4p.z6GmIBTXoSxJ0Oz7
https://nku.zoom.us/rec/share/sZmrA7FAxb0AgvAdvrqHR3I9CK6glYFb0YLPSRoWuDduQQiYgRySarJPeBYHHJQ.bq1XQgJydHsnNiWE
https://nku.zoom.us/rec/share/zx-rxrPtBHNWVl42vmmSA86uu1LSJryi8MFdgle4GasCkRUNiA95fHSnA2ariYdZ.cp2SF2PX6owbG8Po
https://nku.zoom.us/rec/share/skpEGOVjXVlpVtQZ-so8oTGMFnYTj6kwUQX8vlQBpNG79FnHdRYLz8AP2NWK4gbV.V28SvFlxo3opJh9X
https://nku.zoom.us/rec/share/lcp3DXE670DLH_cbD6WLAjMeQI-dZfYn3Q50Ia7Jvf46joCr5q9KQ4p9Fw2O48HP.A9oRZdcH5AsfqO6y
https://nku.zoom.us/rec/share/Sc-6CtekYxRzbF1CJaijgApUytBbhTMQTRHU3i8ZeIm8SahvkI_85tBu63UcaVkq.bgS93gDPYgAz-ktj
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Homework

IMath problems on trigonometric integrals.


https://imath.nku.edu/course/course.php?cid=443

