Number Theory Section Summary: 1.1-3
Some Preliminary Considerations

“The theory of numbera is concerned, at least in its elementary aspects,
with properties of the integers and more particularly with the positive inte-
gers 1, 2, 3, ...(also known as the natural numbers)....” p. 1.

1. Definitions

Well-Ordering Principle: Every nonempty set 5 of non-negative
integers contains & least element; that is, there i8 some integer @ in §
such that & < b for every b belonging to 5.

2. Theorems

Archimedean property: If a and b are any positive integers, then
there exists a positive integer n such thaf na = b.

(Proof is by comtradiction).

g"ﬁ(“b“— T2t am v indegars a F b 72t d.f'f::ﬁ have Rig
preety

C::-«-ﬁ-.oL-" gt gé“nﬂ\ , n SN;; & = ﬂ-n-u-'y‘?"'y
5“‘[35“""!_ ﬂ‘{: N. Sﬂ 5 AJ\.S = i’l.--"r'f" {f.g,n-\..n..__f‘_')

b*"’mﬂ_f b? ud.-“-prp(-aﬂ‘n;*
Cﬂ"‘"‘w{“—' b-(pwi\ﬂu. s bepron w o & bomea

b"""']L B"(_Miﬂ)ﬂ\_ & S ) 4o ';—2:% c,ﬁquL.Lf'{.h
ﬂ"» “-”'\‘Lb\w u-fr:‘ 7&2-\-1]4'—'-‘!'?;"' .-:.!Iw-‘.l'r"‘j’ :'Ic'

S (T g B nam-w-‘!} .-+ o L L\_-u.-ﬁL -}«n j\.\/{u

O

*

ﬂ:[) Dnv&mli dr';*;d-ﬂ MBM -7:2\4/7- b ome
G ey Ia.-_'.r' o b ; 4o ’}7—(. Al & mad o ,,an‘,a-/‘l“?
Walats .



Firgt Principle of Finite Induction: Let § be s set of positive
integers with the properties that

(e) The integer 1 belongs to S, and

{b) whenever the integer & is in 5, then the next ioteger & + 1 is also
in S.

Then 5 is the set of all positive integers.

Our text assumes the Well-Ordering Principle, and uses it to prove
mathematical induction; alternatively we could prove the Well-Ordering
Principle based on assuming Mathematical Induction. This means that
the two are esquivalent: We have Well-Ordering <= Induction.
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Sacond Principle of Finite Induction: Let § be 2 set of positive
integers with the properties that
(e) The integer 1 belongs to S, and

{b) whenever the integers 1,..., % are in S, then the next integer £+1
is also in S,

Then 5 i the set of all positive integers.
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(Proof is by induction).



3. Properties/Tricks/Hints /Etc. Pascal’s rule:

()62 = () o

(this is the source of Pascal’s triangle). -
I
I 3 3
f -+ 6
; < 1o 10

4. Summary

Chapter 1 is preliminary, as the title seys. We assume that you've seen
this stuff before {except for the history of mumber theory, which 1 hope
that you'll find interesting!).

The story concerning the drowned disciple of Pythagoras is often told
of another student, who may have revealed the existence of irational
mimbers (in particular, v2). Irrational numbers were not weleomed

into polite Pythagorean society...!
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