Number Theory Section Summary: 11.2
Fermat’s Last Theorem

1. Summary

So we left things at all solutions of
oy = 2 (1)
which can be written as
(25t)2 + (52 . t2)2 — (52 + t2)2

for integers s > t > 0 such that ged(s,t) = 1 with s=t(mod 2). In
particular, there ARE integer solutions of that equation (1); so what
about

a,/JL + y7L — Z7L?

One observation is that, if n = pg, then

(@) + (y*)* = ()
and

(@)? + (y)" = ()"

so that we simultaneously have solutions for all powers which are factors
of n. Thus it suffices to ask if we can solve

2P 4y = 2P

for primes p: if we can’t solve it for the prime factors of n, then we
can’t solve it for n itself.

Since we CAN find solutions for p = 2, it’s certainly possible that we
have solutions for n = 2%, for k > 2. Fermat, however, took care of
that....

Andrew Wiles recently (1994) proved that no solutions in integers exist
for any power n greater than 2. In this section, we see how Fermat (who
professed to have a proof of this theorem) solved the case of n = 4.



2. Theorems

Theorem 11.3: The Diophantine equation z*+y* = 2? has no solution
in the positive integers z, y, and z. R —

Proof: by Fermat’s method of “infinite descent”: one obtains from a
triple a strictly smaller triple, and so on ad infinitum; but the positive
integers cannot be reduced ad infinitum — contradiction!

Corollary: The equation z¢ + * = 2* has no solution in the positive
integers x, y, and z.

Corollary: The equation 24 4 7* = 2* has no solution in the positive
integers x, y, and z.

Hence, the only exponents of interest left to prove are odd primes....

Theorem 11.4: The Diophantine equation 2*—y* = 2? has no solution
in the positive integers z, y, and z. _—

3. Properties/Tricks/Hints/Etc.
e Fermat (1637) writes

“It is impossible to write a cube as a sum of two cubes, a fourth
power as the sum of two fourth powers, and, in general, any power
beyond the second as a sum of two similar powers. For this, | have
discovered a truly wonderful proof, but the margin is too small to
contain it.”

Fermat proved the case n = 4, and hence n = 4k.
e Euler (1770) proved the result for the case p = 3;

e Dirichlet and Legendre (1825) independently proved the case p =
5
e Lamé (1829) proved the case p =T7;

2



e Kummer (mid 1800s) proved the result for a large class of primes
p (called the regular primes);

e Faltings (1983) proved that all powers n > 2 could have only
finitely many triples as solutions; and

e Andrew Wiles (1994) proved the whole enchilada....

Prot o€ 113 0 (o) coddond b
)(L(""\/L{ ‘:2L ALS no ol .lr\ﬂ /)asllsb\c

Claim 36’&[%1‘7\;,- 415(,/”4_—407(—"

ﬁcy(()(’7)c¢(>(, 72"/‘ AN =) uJch\,."z/\Quc
/(:qc,—ﬁw-uf o a#—w,.ﬁ :“"'/V”’j A

(PAX,)V ’ (047,\“% AN ey 7) = 2% =

0(1\1— ' Z—:XZZ( =,
Y
XI‘{ 4-7' =3 Z/

z
J

/7':/_ S ?) bkl Caa-'?L‘/‘&'{;L?L{ 72 Lol e oF

F 29 M'\’\:/V'“‘(' Sao ﬁc,,( {)<’7>:[.

ﬂlur:»l»c KF*"y\("—Zz e



L (/(L/ ) o =~ @7‘2‘;.%% Srple -i¢
pekive 7 T gl (xt )2 T
ﬁwL (e, 9N =1 =9 7Co([><‘,7“) =/ =)
554(;&,7‘, z) =/
DI WAL #T(JLL_ Y /r,'«,.v—"/c) — e can oo T2

LLS-_E L ﬂ:/\j ;

X >t vo

= <z

g (T + Ll S?é't/:‘/'w'( 2)
z2:= S HET ged (5, =1

[,JI..H;L ,-é ¢ L 'é‘ ;Y -c\/-—</-,? L,Je.[(, 7 :fo.'{Z/ [Y)

.\11 Y JAAL \ZEI 3 Aok %3 =) yz;/ /”""17)
A’{{LM S ;< /6‘/-4/\-;

<

77—= $T-t " E O~ (awdH)
= o) (s £ D

[,_.,.Lr-r_ A)L*/\\a,\‘ ,LL(,\QL, + TV e
Lt 2, Fr.

Moo

yl.: 2-5% : 2'6-2f‘ = ‘1/51’""

() - o

TE  gedls, )= | | T2~ te cor savelal lemme
2 Lo &L ﬁci(s,%) 2 7“4/:,2/-) =/ =

Sco( (s,f>=l, Qo e cc./\_’r,\,\/aéf—c_, leinae 2 ¢



{,,JL?UL o pf%_:—?'/wc_ 41~ e 5‘4{’9/”:/ 3 ‘

[.e,-@—z N Sy r N SV NS W) ageim

N & Vv et N[AJ"-\/‘O/) //‘:m--g. $ e 72&"}""

Y

V et $7\,.~J"=5 107 | e —< Z |

ra
m =X,
v = v, "
‘ _ [
v { = Vlz"'\/L :X,L{-r-y"‘{ - Zl )

Se (Yl \'/1,%,.) ‘\/‘0 (o |l U 7’1« oﬂhj\r\_\/
72 )ﬂm)al.«,\.\ S ﬂ.\-F—

<

|

!

f? V\R’IL"."/"

2z < T S < %< ¢+ 4 =

C,on-Ll’A/f»-o‘f"u——S 7“14_ C/[\J"C& a‘[ = Al

76 o £ xq+y7: 2%

/‘—ln-\ /y\-\

I~

s



(

VA 7—2-4. f)pﬂj#% I"\-F[‘-‘f)——L/S .

—

gcﬂﬁ/.pg,c_, Q/Z e Qo/}'\‘ },\_7‘—1‘_ ﬂ”g
\‘,\J/cszx/\ o
. B
XL{ I \/“/ - %/ :(-Z'Z) -
ﬁtﬁ LN /\;J-(_ P (a/r\. ‘)-o

E N
n o
L X
) ;

’\l
o
LN
e N
NS
3 ~
ct
Y
\/



+ -~ % '
2 7L 2 s o ye! Ty
i =
‘ 7 S"&em
J—
Z_y‘b' zt+wt . .
2\ _ Y Y - z 2
<X1+7L)ZXL’7> = X =Y ¢ ”1
= (2w



