Number Theory Section Summary: 2.4
Diophantine Equations

1. Definitions

Diophantine equation: A Diophantine equation is basicelly one
whose solution is over the integers.

2. Theorems

Theorem 2.8: The linesr Diophantine E]u&tiﬂi%ﬂﬁ a
schution Ht dje, where d = ped(a,b). 1f (zq, 4 is eny parti Eolution
of this equation, then all other solutions are given by
_ b ‘ _ (u,) ‘
R y=w-\4
for integral values of ¢.

Corollary: If 1 = gedia,b), and (2o, ) ie any particnlar solution of
the equation ax + by = ¢, then all other solutions are piven by

F=mp+H y=w—o

for integral values of t.
3. Properties/Tricks/Hints/Etc.

In doing these problems, which are often are of the form of ammsing
gtory problems, it is important to include restraints imposed by the
nature of the weriables. For example, if you sre counting roosters,
what does & negative number of roosters mean?



4. Summary

Theorem 2.9 is really an obvious conclusion of the corollary of Theorem
2.3: the set T = {ax + by|z, ¥ are integers } is precicely the set of
multiples of d = ged(a,b), and we'’re testing whether a valne ¢ is an
element of T

Hence, the question *Does ax 4 by = ¢ have a solution?” is answered
by checking to see if d|e (that is, if ¢ is & multiple of ).

A solution (zg, yn) is not unique, however, as one can obvicusly see: for
example, if £ = b and ¥ = —a, then ab+b{—a) = 0. 3o for any eolution
(29, %o} of

azo +byo=c¢

simply add zero (in the form &{ab + b{—a))):

aLg + by +E(ab+ b{—a)) = ¢

gz + ) + 5(pw —ta) =c

also holds true. So (zg + b, yo —ta) is a solution, for any integral value
of t.

For those of yon who love linear algebra (all of you, 1'm sure!}, you can
{hink of 1t tHis wey: 1l we have a solution il

{a,8) - {wo, 30} =¢ Lo 555 - =
then we can find the solutions of the homogeneous equation b ~ba =0

{ﬂ: b}' ) {urﬂ) =10
and then tack them on to {zg, ) to create the general solution
{Er y} = {Iﬂr yﬂ} + k{b: —r.‘l}

This represents all the solutions, if we're willing to allow & to be real.
But we're only interested in solutions cver the integers, so we have to

2
o b5myS = (a5 [('ﬁ,,y_‘; + 'L-.(b,-h}] <

= <“’Hi’$<"i+7n + k<"ﬁ"\<5*"‘*‘)
= E____ - P = [(_.



be carefull We can factor out & d = ged{e,b) from the homogeneous
equation, to produce —

(@, 3} = {20, 0} + kd{(b/d), —(a/d)}
The safe bet is to make sure that ¢ = A4 € Z: hence the peneral

solution is e
(59} = {20, 0} + H{(B/d), —(um’)i’\
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