Number Theory Section Summary: 4.4
Linear Congruences

1. Summary

Recall that a congruence is an equation of the form P{z) = 0({mod n};
a linear congrnence should be that equetion with Plz) = ar — & -

and it isl ——

az — b = 0{med n) <= sz = b{mod n)

which means that gz — 6 = ny for some y € Z,; rewriting, we have that

ar—ny ==

to be solved in intepers — that is, a Diophantine equation!

Now the Diophantine equation could have an infinite number of so-
lutions, but since we’re working modulo n, we're only interested in
solutions distinct mod n.

2. Definitions

linear congruence & congruence in which P(z) is of the form P(z) =
ax — b.

3. Theorems

Theorem 4.7: The linear congruence ez = b{mod n) has a solution if
and only if 4|5, where & = ged(z, »). If d|b, then the linear congruence
hsgr d mutual]}_'_illmngruegj;__ solutione modulo .
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Corollary: Ifped(a, n) = 1, then the linear congruence ax = b(mod n)
hss a unique selution medulo .

Exarople #1bdf, p. 82: Solve the following linesr congruences:
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140z = 133(mod 301)
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Theorem 4.8 { The Chinese Remainder Theorem): Let 4,7z, ..., Ry

be positive integers such that ged(n,, n;) = 1 for ¢ # §. Then the sys-
tern of linear congruences

& = a1 (mod 1)
T = gg({mod ng)

= a,.(mnd Ty)

hes & simmltaneons solution which is unigque modulo N = ning-- - #ip

The unique solution is of the form

T = EIlNlﬂ]_ +...+ ErNrmr

where A} = % and xp is the unigue solution to the linear congruence
Nex = 1{mod ny). 3“{ (N, , Aeh =

Example: Find z such that £ hours from midnight will be 6:00 AM,
and such that x days from Sunday will be Thursdey.
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Theorem 4.9. The system of linesr congruences

- bex "l':l"\‘l',"'-'*:lSrr--(-‘j
oz + by = r({mod n)

ex + dy = s(mod n)
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has a unique solution, whenever ged(ed — be,n) = 1. 4y Ay - -
For those of you with linear algebra backgrounds: ad — ¢ in the linear <ol
gyetenl of Theorem 4.9 you'll recognize as the determinant. —
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